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Beryn

JudepeHnmiajibHe 4YHUC/IEHHA — PO3JLI  BUIIOI MaTeMaTUKU, B SIKOMY
BUBYAIOTHCA TOXIIHI 1 Judepentiagn (pyHKIIH Ta IX 3acTOCyBaHHA IO
nociikerdst byHkiin. OCHOBHUM IOHATTSM JIUMEPeHIiaJIbHOI0 YNC/IEeHHS €
MOHATTS TMOXIJAHOI, SIKe BU3HAYAE IMBUAKICTH 3MIHN BEJUYIHUH, 10 3MIHIOIOTHCS
HEPIBHOMIPHO.

BalporoHoBaHe HaBUYaJIbHE BUJIAHHS MOXKe OYTU KOPUCHUM JIJIS CAaMOCTIHHOI
poOOTH CTYJIEHTIB Mpu BUBYEHHI po3ainy «/ludepenmianabie dncieHds GyHKILi
OJHIET 3MIHHOI», & TaKOoXK JJId BHUKJIAJA9IiB IIPK IMIATOTOBII 1 ITPOBEICHHI
NPaKTUIHIX 3aHATD.

[IpaKTUKyM MiCTUTb CTHCJI TEOPETUYUHI BIJOMOCTI i JOKJIAJIHI PO3B’sI3aHHS
NPpaKTUYHUX 3aB/laHb, BaplaHTH I1HJAWBIIYaJLHOTO JIOMAIHBOI'O 3aBJaHHS 1
NPUKJIAIN TECTIB 3 BlITIOBIISMU.

B pesyibrari 0cBOEHHST PO3JIiJIy CTY/IEHT IOBUHEH: 3HATH OCHOBHI IIOHSITTSI Ta,
O3HAYEeHH; BMITH CaMOCTITHO BUKOPHUCTOBYBATH MaTeMaTHIHNIT altapaT; BOJIOIITH
[EPBUHHUMI HABUYKAMU 1 OCHOBHUMHU METOJaMH PO3B’si3yBaHHsI MaTeMaTHIHIX

3a/1a4 3 3arajbHO 1HKEeHePHUX 1 CIellaJbHIX JTUCITUILIIH.



Poz i 1

JIndpepenmiroBaHusg PyHKITIA

1.1. Iloximna pyHKI OJHIET 3MIHHOI

ugpeperuiarvre wuciernms — po3Jia MATEMATUKI, B TKOMY PO3IJIAIAETHCS
JIOCJTJIZKeHHsT (DYHKIII 32 JIOIMOMOIOI0 TOXIJIHUX Ta JudepeHIialiB.

Hexait 3ajano dyukiio y = f(x), sxa BusHadena na inrepsadi (a;b).

Hajiamo aprymenty x npupict Az i 3HaiijeMo BiNOBIIHUI oMYy HpUPICT
dbyuxmii Ay = f(x + ALEA) — f(x). Bamuiemo BigHOIIEHHST TPUPOCTY (DYHKIII

JIO IPUPOCTY apryMeHTY s 1 3HaiiemMo rpanuiio lim A—y Axio s rpanuis
T

Az—0 AX
. vees . P / / / / dy
icHye, To 1T Ha3MBarOTH noxijHO0 DyHKIHT 1 nosnavaoTs f'(x) abo v, fi, y., o
x
Osnauenns 1.1. [loxidnow gynkuii y = f(x) 6 mowuyi r Ha3usaemveA

2PAHUYA  BIOHOWEHHA NPUPocmy @GyHKuii do npupocmy apeymenmy, KoAU

ocmanHiti npamye 0o HYAL, Mmobmo

Ay fz+Ax) — f(2)
! =1 — =] .
fz) Avs0 AT Az Ax
Oznavennsa 1.2. Onepauyia  3HGTOOMHCEHMHA  NOTIOHOI  HA3UBGEMDCA

dupepenyito8aHHAM.

Buavenns moxijHol B TOUNi * = x( no3Havaetses f'(xp), abo y’ , abo
T=To

Y (o).
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1.2. Mexaniuamii, izudanii Ta reoMeTpUIHUIi

3MICT IIOX1JTHO1

3amada 1.1. Hexaii marepiajibHa TouKa M pyxXaeThcsd HEPIBHOMIPHO B3/I0BXK
psIMOT 1 3a Jac ¢ TPoXouTh BijcTanb S. BusnaunTu mBuakicTs 11 pyxy B KOXKHUI
MOMEHT Yacy.

Pos3p’a3anns. Koxknomy sHadenHio dacy ¢ Bianosigae Bigcranb OM = S
Bisl nesikol dikcoanoi Touku O, rooro S = S(t) (puc. 1.1). Hexaii 3 momenty ¢
poiimos jgesaxkuit vac At. 3a 1eil yac TouKa mepeiige B mosoxkennst M i mpoiige

Bigicrane M My, = AS. Bigcrans O M7 nosnaanmo S(t + At).

0 M M,

= 3 =

S(1) AS

F 3
-y
F 3
v

v

F %

Puc. 1.1

Cepe/iHst MBUIKICTD ¥ PyXy TOUYKHN 3a dac At Oye

AS  S(t+ At) - S(t)
At At '

()

Axmo At — 0, o lim S+ At = 5()

€ IIBUIKICTD Xy v(t) B KOXKHUIT
Az—0 At A by=y ( )

MOMEHT 4acy .
Kopucryounch o3nHadeHHAM TOX1JIHOI, PO3B’S30K 3aJiadl MOYKHA, TIyMauuTH
TaK: MBUJKICTH PyXy B JaHUil MOMEHT dacy — 1ie noxijna (yHkiil S(t).

Orxke, v(t) = S'(t). Lle — mexaniunmit 3micT moxigHol.
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Sagada 1.2. 3azano piBuganns kpusoi y = f(x). 3uaiiTu piBHIHHS JOTHIHOT
1 HOpMaJIi, 10 MpoBeJieH] 10 Hel B Touri M.

Oznauennsa 1.3. Jlomuuroro do kpusoi 6 mouui M wmaszusaemves 2patuHe

noaootcenns MT ciunoi MMy, axuwo mouxa My ciunoi MM, neobmestrcero
nabauscacmvea 630061 kpueoi do mowku M (puc. 1.2).

Puc. 1.2

Osnauenns 1.4. Hopmaanio do kpusoi 6 mouui M nasusaemves npama,

AKA NPOTOOUMD “ePe3 U0 MouKy NepnerdurysapHo 0o domuvwroi 6 Uit Moy,

Posp’sazanns. PiBuanng upsMol, dka OPOXOJUTL 4Yepe3 3ajaHy TOUYKY
M (g, yo) Mae Burisin y — yo = k(r — x¢) B IPAMOKYTHIN cucTeMi KOOD/IMHAT,
k — xyToBuii Koedirient npsamoi: k = tga (puc. 1.3).

Hexait y = f(r) — HenepepsHa kpusa, mo Mae B Touni M gorudny (He
BePTUKAJIbHY ). 3HallIeMo KyTOBHil KOMIMIEHT €l JOTHIHO.

st nboro nposesiemo ciuny M My i mozHaunMo Yepe3 ¢ KyT, SKUit yTBOPIOE
ciuna 3 Biccro Oz. Toui

Axmo Az — 0, to it Ay — 0, Tomy 1o kpuBa y = f(x) nenepepsua. Touka

My reobmerkeHo HAOIMKAETHCS 10 Touku M 110 KpuBiii 1 ciuHa 3aliMae MoJI0XKEeHH
JIOTUYHOL.
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Yo tAy

Yo
e
.
= 0 X
Puc. 1.3
Tomi p = ai lim tgp =tga = k. OckiibKu
Az—0
. L y .. flwo+Az)— f(xo)
amee= s W

TO PIBHSHHA JOTUYIHOI B Touni M 3anuierses y Burysiji y — yo = f'(xo)(x — xp).

PiBHstHHS HOpMAaJIi B Iiil ToUIl 4 — 4y =

_f/(xo) (x — xo).

Otxe, KyToBHit KoedinieHT goTuaHol 10 kpuBol y = f(x) B Touri M (zg, yo)
— 1le 3HaUeHHs noxigHol GyHkuil y = f(x) B wiii Touri, Tooro f'(My).

B mpomy mossirae TeoMeTpuIHMI 3MICT TOXiIHOI.

[Ipo diswunmit 3MicT MOXiHOT MOXKHA CKasaTh: Ko GyHkiis y = f(z)
onucye jeskuil (izuanuit nporec, To noxijna y' = f'(r) — e mBHgKicTH 3MiHK
nporo mporecy. Hanpuxjag, mBujkicrs ximidaol peakiii pedounn N'(t) — e

moxiiHa 3a 9acoM t Bij KijbkocTi pedosunrn N (t), M0 BCTYNUIA Y PEAKIIIO.
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1.3. JudepenmniiioBaHicTb Ta  HeNEePEePBHICTD
dbyHKITIiT

Osnavenns 1.5. Axwo dynruyia y = f(x) mae noxiony 6 mowui
T = X, MO 2080PAMDB, W0 B0HA 68 Uil mouyl dugepenyitiosana. Axuo dynruyis
Jueperuitiosana 6 KootcHiti movwyi idpisky [a, b, abo (a,b), mo 206o0pamv, wo

6oHa Judepenyiiiosana Ha 6I0pI3KYy (IHMePsal).

Teopema 1.1. Hrxwo Ppynxuia y = f(x) dudepenyitiosana 6 mouuyi x = x,

mo 60HaG 8 UL MOYUL HENEPEPSHA.

O6Gepnene TepzKenns Hesipro. Hanpukiay, Gynknis y = /2 B Toumi = 0

HellepepBHa, aJe MoXiJHa B Iii TO4Ill He ICHYE.

ITpuxaad 1.1. 3HaiiT NOXiIHY CTAIO] BEJIMINH.

Posze’sizanns. Hexait y = f(x) = C' (C' — crana Besmanna).
1. Hagmamo aprymenty x npupicr Az # 0 : x + Az. Maemo f(x + Ax) = C.

2. Bmnaitgemo npupict Ay : Ay = f(x 4+ Ax) — f(x) =C —C =0.

2 7 . Ay 0
. 3aluieMo BIIHOIIEHH] —— — —.
. Az Ax
. : . : 0
4. 3HalijleMo IpaHUIIO BiAHOIIEHHsT lim —= = lim = 0.

Az—0 Ax Az—0 E N
Biodnosios: (C)' = 0.

ITpux.aad 1.2. 3najitn noxinny dynkiii y = 22 3a o3HadenHaM.

Poss’azarmnsa.
1. Hagamo aprymenty x npupict Ax # 0 : x 4+ Ax.

2. 3Buaitgemo npupict Ay:
Ay = f(z+ Ax) — f(z) = (x + Az)? — 2° =

= 27 + 20Ax + (Ax)* — 2 = 20Ax + (Ax)*.
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. Ay
3. 3amnuieMo BiIHOIICHHST —— :

Ax

Ay  2zAz+ (Az)?  Az(2z + Ax)
Az Az B Az

= 2x + Ax.

Ay
4. 3HaiigeMo I'PaHUIO BiAHOIIEHHS lim —— = lim (22 + Ax) = 2z.
A P n A Az—0 Az Ax—)O( T )

Bidnoesidv: iy = 2x. abo (z2) = 2.

ITpuxaad 1.3. 3naiiTu noxijny GyHKIN] § = Sin & 3a O3HAYEHHSIM.

Poses’sazanns. IlocnigosHo: nepeiiiemo Bin x 10 © + Az, Toui
Ay = sin(zr + Az) — sin x;

B1JIHOIIICHHSI

Ay  sin(z + Az) —sinz 2 2

Ax Az Ax

Az 20 + Az
2 sin 5 CcoS

_ 2
Ax
['pannrs BigHOIIIEHHS
. Az 20 + Ax
Ay 2 sin 5 coS 5 Ax
lim — = lim = lim cos{x+ — | = cosux.
Az—0 Az Az—0 Ax Az—0 2

Bidnosids: (sinz) = cos .

IIpuxaad 1.4. 3HaiiTu noxigHy (GyHKIHT § = COS T 3a O3HAUEHHSIM.

Poss’azanns. g niel dyHkil

A Arx —
Ayzcos(:chA:c)—cosx:—2Sinx+ 2x+xsinx+ 2x -




12 1. Tudepenniropauas yHKIii

, ( Ax) . Ax
= —2sin| z + — | sin —,

2 2
5 i N Az | Az
—2sin| x sin
! Ay . 2 2
im — = lim =

Az—0 Az Az—0 Az

Az

Sin 7 A.CU

= — lim lim sin (:1: + —) = —sinx.
Az—0 Ax Az—0 2
2
Bidnosids: (cosz) = —sinzx.

ITpuxaad 1.5. CkiacTi piBHAHHA JOTHYHOI i HOpMaJi 10 KpuBol y = o2 B

rouri A(2;4).

Poss’sa3zanms. B poMy BUTTJIKY PIBHAHHS JOTUIHOI Ma€ BUTJIST

y—4=y'(2)(x—2),

HOpMaUI

OCKIJIbKU g = 2, a yg = 4.

O6uuciemo noxiauy: 3 (z) = (2%) = 2z. B touni o = 2 maTumMemo

1
Toni y — 4 = 4(x — 2) — piBHsHHSA HOTHYHOL, Y — 4 = —Z(x — 2) — piBHsHHS
nopMmaJi. B zaraabnomy Bursaai: 4 —y —4 =0, z + 4y — 18 = 0.
Bidnosidv: 4r—y—4 = 0 — piBHgHHA J0TUYHOI, x+4y —18 = 0 — piBHAHHS

HOpPMaJIL.

3aBAJaHHs IJIsI ayJJUTOPHOI poOOTH

1. Bnaiitn noxinny dbyHKIi 3a ozHavennsm: a) y = x5, 6) y = ev.
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2. 3uaiiTi noxinHy (GyHKIIT 38 03HAUYEHHAM Ta O0UNC/IUTU 3HAYEHHSI [TOX1IHOI

B TOYIl X(:

a)y=a*+1,20=>5 ©6)y=sin2x, 19=0, B) f(t)=4"—-3t+8, t=1.

3. Buaiitn Kyt MixK jiHigmu y = sinx iy = cosz npu 0 < x < 7w. Kyrom
MI?K KPUBUMU BBaXKalOTh KYT MIXK JIOTUMHUMU JI0 IIUX KPUBUX B TOUIIl IIEPETUHY
KPUBUX.

4. 3HaiiTu JOBXKWUHY BIAPI3KY JOTUYIHOI JI0 Iapadoyn y = 2?2 Big Toukm
epeTuHy JoTuYHOI 3 Biccto Ox 710 Touknu gotuky M(2;4).

5. Marepiaibha Touka pyXaeThcd 3a 3axonom S(t) =3+ 3t + 1, e S(t) —
BiJICTaHb B MeTpaxX. 3HallTH cepejiHIO MIBUJIKICTh PYXy MaTepiajibHOI TOYKH Ha

IIPOMIXKKY 4dacy Bl tg = 1c Jjio 1 = ¢ Ta MBUJIKICTH B MOMEHT 4dacy tg = lec.

JlomaIlrHi 3aBAaHHSA

1. SuaitTn 3a o3HaYEHHSIM HOXITHY (DYHKIIT:

1
a)y =51 —22+7, 6)y=—, B)y=+/T.
x

3 B Toumi xy = —2.

3. BHaiiTi piBHAHHS JOTUYHOI i HOPMaJI /10 KPUBOI § = 2T — x> B TOYKAX

2. 3HafiTu piBHSAHHS JOTHUIHOI 1 HOPMaJIi JI0 KPUBOI y = X

nepetuny il 3 Biccio Ox.
Biodnoei0i: ) .
1.a) 152> -2, 6) —— - —
2. 122 —y+16 =0, x4+ 12y +98 =0.
3.20—y=0,24+2y=0;, 204+y—4=0, z—2y—2=0.

3aB/laHHS JIJIsI caMoIllepeBIpKN

1. Jaru osnauennst noxignoi dpyskiil y = f(x) B Toumni .

2. 4K BHaiiTH 1MOXiJHY 3a O3HAYEHHSIM !
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10.

1.4.

Oxapakrepusysaru cumsosm f'(x) i f'(xg).
JlosecTH, KOPUCTYIOUICH O3HAYEeHHAM HoxinHoi, mo (322 —5x+2) = 62— 5.

Hormana mo kpusol y = f(x) B Touni M (g, yp) Haxmierna g0 Bici Ox 1if

kyTom 45°. Yomy nopisuioe f'(xq)?
Axuit 3mict noxigaoi gyl S = S(t) B Toumi t7

Jaru osHadenHst GpyHKIIT, audepeniiiiioBanol B Toulli i audepeHiiiitoBaHol

Ha BLJIPI3KY.

Barnmcaru piBHAHHS JOTHYIHO! 1 HOpMasi g0 KpuBol y = f(x) B Toumi
M (o, yo)-
[Ilo moxkHa cKa3aTu PO KyT, SIKUI yTBOPIOE JO0THYHA 3 Biccio Ox, sKIIO

fl(x) >0, fl(x) <0, fl(x) =0, f(x) = o00?

Axmo dbyukIisg gudepentiiioBata B TOUI T, 9 Oy/ie BOHa HEIIEPEPBHOIO B
Hiit? I HaBnaxu: au Oyjie HerepepBHa B To4Il & DYHKILS udepeHIiiioBaHo0

B Iiil ToqIi?

IIpaBunaa gudpepeniiiroBaHHSA

Teopema 1.2. [loxioha anreebpaivnoi cymu (pisruui) dynryiti dopierioe cymi

(pisrui) noxionux wux Gynruyid.

O Hexait v = u(x) i v = v(x) — audepentiiioBani dbyHKIT Ha iHTEpBaI

(a,b). Iosnaamvo y = u + v. Tosi 3a o3HAUEHHAM TTOX1HOT

J = lim [u(z + Ax) + v(x + Ax)] — [u(z) + v(z)] _
Az—0 Az

_ lim [u(z + Azx) — u(z)] + [v(z + Az) — v(z)] _
Axz—0 Ax

i Au T v Iy
= 11m ——- 11m — =1U v .
Az—0 Ax Az—0 Ax




1.4. IIpaBuna nudepeHiIOBaHHS 15

Hosegennst jyist pisauni (v — v) = u' — o’ ananoriuse.
Orxke, (utv) =du £v. N

Teopema 1.3. [loxidna dobymry deox dymkyit (uv) dopisnioe dobymry
noxXioHol  nepuo2o  CNABMHONCHUKA Ha  dpyeutll natoc  dobymox  nepuLozo

CNIBMHOHCHUKA Ha NOXTIOHY dpyzozo: (uv) = u'v + uv'.
[ BuxkopucroByioun o3HavUeHHS TOXITHOT /I Y = UV, MAEMO:

/

oAy a4+ Azu(z + Az) — u(z)u()
v = Alggo Az Alalnrgo Az '

Bpaxosytouwn, mo u(z+Azx) = u(x)+ Au, a v(x+ Az) = v(x) + Av ocransiii
BIPA3 MEPEUINMO HACTYITHUM IHHOM
[u(x) + Aullv(z) + Av] — u(z)v(x)

lim =
Az—0 Ax

[u(z)v(x) + v(x)Au + u(xr)Av + Auldv] — u(z)v(x)

= lim =

Azx—0 Az
. v()Au + u(r)Av + AuAv
= lim =
Az—0 Ax
: u . Av . AuAv , ,
= olw) fim 20+ ule) fim 1+ i — - S

ockiibkn Av — 0, gxmo Az — 0. Il

/
u

Teopema 1.4. [loxidna wacmxku 0deox dyHryit (—) dopienroe dpoby,
v

wuceavnur axozo € pisnuua (u'v — wv'), a snamennux dopienoe v? (v # 0),

/
U uw'v —ur'
v v2
U

[1 [Tozuaunmo y = —. 3a O3HAYEHHSIM TIOX1THOT
v

mobmo

u(z +Az)  u(x) u(z) + Au u(x)
J = lim v(ir+ Azx)  o(x v(r)+Av  v(x) |

Az—0 Az Az—0 Ax

~—




16 1. JIudepenniroBannss pyHKITi

[IpuBejieMo 70 CHUJIBHOTO 3HAMEHHUKA, 3pOOMMO TOTOXKHI IepeTBOPEHHS 1

OJIEPZKIIMO
Au Av
- U(x)A_gj - U(Q?)A—x wo — ud
lim — :
Az—0 V% (x) + v(z)Av v?

ockiabkn Av — 0. H

1.5. Iloxigna cremeHeBOl, IMIOKA3HUKOBOI,
JjorapupmMidHOl, TPUTOHOMETPUIHOI (PYHKITIii

n

Teopema 1.5. [loxidny cmenenesoi pynkuii y = " 3naxodamov 3a

hopmy.noo

(") = na" L.

[0 Bacrocyemo exsiBasenTHictsb (14-¢)"—1 &~ nt npu t — 0. Tomi npn y = z",

MATHMEMO
A n
x" [(1 + _x) — 1]
n __ N X
J = lim DY gy EHAD 2 .
Az—0 Ax Ax—0 Ax Az—0 Ax
A Az\" A
HKLLLOtZ—x,TOt—)Oi <1+_x) 1]zn—$.Tog:Li
x x x
Ax
x"'n— ,
I __ 1 X — n— ) .
YT A
Ak nacminok (z) = 1.
Teopema 1.6. [loxidny noxasnurxosoi ¢ymxuii y = a® 3naxodamsv 3a

dopmy.oto

() = a"Ina.

[J Ckopucraemoch ekBiBasieHTHICTIO a“ — 1 &~ «alna npu o — 0. Toxi upn



1.5. IloxizmHa cTerneHeBoi, MOKAa3HUKOBOI,

JorapudpMivyHOl, TPUTOHOMETPUIHOI PYHKILiil 17

Yy = a”, MaTuMeMO

at AT g a*(a®* — 1) a*Axlna
Y = lim ——— = lim ————2 = lim ———— =a"lna. W
R . -V R v
Teopema 1.7. Ioxiony soeapupmiunoi dynruii y = log, x, (a >0, a # 1)

3HAT00AMY 34 HOPMYA0I0
1
, —

rlna

(log, x)

[J Ckopucraemoch ekBiBasientictio log, (1 +t) =~ tlog, e, sximo t — 0. Toxi

Ax
npu t = —, OJICPKUMO
x
1 T+ Ax
. log, (x + Az) —log, © . 08
I a a” _ X —
(log, ) = lim, Az A TTAy T
Ax
= lim ‘ = lim L ——— = “log, e = .
Az—0 Ax Ar—0  Ax x rlna

1
Ak nacmigok (Inz) = —.

IIpuxnaad 1.6. 3uaiitu noxinny dyukii y = Cv(x), ge C — crajia BeTndnHa.

Poss’sazanms. CkoprucTaeMoch MpaBUIoM JIepeHIioBaHHs JT00YTKY JIBOX

yHKIIT:
y = (Cv(z)) = Cv(x) + Cv'(x) =0+ CV'(z) = CV'(z)

Biodnosids: (Cv(z)) = CV'(z).

Omorce, cmasuti MHONCHUK MONCHA BUHOCUMU 3G 3HAK NOTIOHOT.

C /
ITpuxaad 1.7. 3uaiitu (—) , sikio C' = const.
x

Poss’asarnas.

<g)/20<1>/20(1)’x—1(x)’:CO—l __C

x x 22 2 2




18 1. Judepenniropauds yHKIii

B npboMy BUITaJIKy KOPUCTYBAJIUCH BUCHOBKOM IIpukaady 1.6. 1 mpaBuiom

JnupepeHIioBaHHS YacTKI JIBYX (PYHKIIII.
'\’ C
Bidnoesion: (—) = —=.
x x
ITpuxaad 1.8. Busectn noxiany byHKIl y = tg x.
sin &

Poss’sazanma. 3anumemo tgr = 1 3HailjeMo IOXIJIHY YacTKH,
cos T

CKOPHUCTABIINCH BUBEJICHUMHI PAHIIIE CITIBBIIHOIMICHHIMU:

(tgz) = (Sinx)l (sinz) cosx — sinz(cos x)’

COS T cos?
. . 2 . 9
cosxcosT —sinz(—sinx)  cos”x +sin“x 1
cos? x cos? x cos?x’

Bionosidw: (tgx) =

cos?x
ITpuxaad 1.9. Buectu noxijnny QyHKIII y = ctg x.
COST . } ,
Posg’sazanmsa. 3anuiiemo ctgr = — 1 3Hafi1eMo MoxXigHy JacTKU:
sin x

oS x)' _ (cosx)'sinz — cos x(sin x)’
2

(ctg ) = (

sinx

sin” x
— SN Sinx — COS X COS T sin? x + cos® x 1
sin? x sin? x sin? x’
: : , 1
Bidnoeiodv: (ctgz) = ———5—.
sin” x
. : I . 2,
ITpuxaad 1.10. 3uaiitn noxigay GyHKIil y = 5x — gar + .

Poss’asarnsa.

5at —

2
g-m¥+1=x#—m?+1:¢ﬁ—1ﬂ

1
5
Bionosidv: (2 —1)°.



1.5. IloxizmHa cTerneHeBoi, MOKAa3HUKOBOI,

JiorapuMivHOI, TPUTOHOMETPUYIHOT (pyHKILii 19

ITpuxaad 1.11. 3uaiitu noxiany Gynknii f(x) = 2¢/z — 3V a2,

Poss’azannsa. AK i B mornepeHboMYy MPUKJIAI, MacMO

Fi(o) = @y = 3V = 2oy = 3(al) =2 5ot =3 20!

1 2
Bionosidv: — —

Vi Ve

ITpuxaad 1.12. 3uaiitn noxijgHy QyHKIT y = T cOS .

Poss’azanna.

y' = (rcoswz) = a'cosz + x(cosx) =1 cosx + x(—sinz) = cosx — xsinz.

Biodnosids: cosx — xsin x.
22— 2

ITpuxnaad 1.18. 3uaiitu noxigay dyukmii f(x) = o
x

Poss’azarna.

oy (P =2) (2 —2)(2?+2) — (2 +2)(2* - 2)
ro-(553) - EEEPE

- 2z(2? 4 2) — 2z(x* - 2) 8z

(22 + 2)? (a2 +2)%

8x

Bidnosiods: m .

IIpukaad 1.14. 3anano gyrknio y =2Inxsine + — T Buaiitu 1.
x

Poss’sazanms. 3acrocyeMo npaBmia JudepeHiiioBaits J00yTKY, JacTKH,

cyMHU JBOX (PYHKINH, TOXiJHI TPUTOHOMETPUIHUX ((DYHKIII, CTeneHeBol i

JorapudmidHOl PYHKII:

/ /
y = (21nxsinx+ x211> = (2lnxsinz) + (x;il) =
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o (2?4 1) — (@* + 1)z

(22 +1)2 B
1-(2®+1)—2z-2
|-

=2[(Inz) sinz + (sinz) Inx] +

= 2[—sinm—|—cos:zflnaf
T

1— 22

($2 + 1)2 )
2

sin &
:2[ +cosxlnx]+
T

. 1 _
Bidnosgids: 2 S +coszlnx| + —96.
T (22 +1)2

3aBJaHHs JIJIsI ayJUTOPHOI PoOOTH

Kopucryodnch OCHOBHUME TpaBUIaMu JIepeHIlitoBaHHs, 3HAHTH TTOXiHI

dyukIiit, 3a1aHUX ABHO:

9 _ _ :
1)y:—3 2; 7)y—tg$ Ctgl’,
x
—— T.
2) y = (2! — 4)(3tgz — 1) B y=—10tge +7¢5
1 2
3) y = x*logy z; Ny = T B W
3 _ :
4)y:5-2$+16tg1‘; 10) y = ax® + bz + ¢;
1+€
5) y = x/z + 3sinz; 11)y:m;
. Inz v
6) y = vasinr — —-; 12) y = 21 .
& 21V + 1
JlomaIlrai 3aBaaHHS
SHaiiTn moxijgHi 3aaHux QYHKII:
1) y = 4a® — 32 + 5; L3
Y ) 4) y = a3 sinz;
2) y = avVar? — \/E; ctgx
3 )y =
3t 10z o
3)y= T — ;
Jy=ate 6) y =xv/z(3lnx — 2);




1.6. IudepeHiiropaiHsa CKJIaaeHOT PyHKIT 21

1 1 , 1
7)y=gx5lna:—§x8+5; 11)9:3552—;;
8) y=2x"lnx — z% 12) y = _ 7

9)y=ctgx + Vx;
)y g \/_ 13)y:2arctanx+31nx;

10) y = 32° — 7%; 3 dx
4)y= > 4+
)y 433+ 3
Biodnosioi:
1) 8z — 3; 8) 2x(Inx? — 222 + 1);
5 1 1 1
2) ~Va?— ; 9) — + ;
)3 v 12/ 23 ) sinfz 27
; 10) 152* — 7 InT;
3) 3r?tgx + :c2 ; ) 152 ne
cos? x ) 9 A
11 + —;
1 )
4) xQSinx+§x3cosx; e @
9
5sin 2 1 12) ——=;
5) _ 0.5sin 3:+.:132+ . ) W
(x 4+ 1)%sin” x
2 3
3 13—+ 32,
6) SVE(BInT —2) + 3V 1+V2d =
3 4
1 14) - 4 -
7) x4<lnaj—x3—|—5>; ) 422 3

1.6. dudepenmiroBaHHs CKJaaJeHOl PYHKIIIL

Hexait y = f(u) i u = ¢(x) — nBi gosinbui dywknil, u € A, a x € B, ne
A1 B — obnacri ix BusHauenHs. 3HadeHHd u = @(x) npu Oynb-sikux x € B

nasiexkaTh obstacti A, p(x) € A. Toni y = fle(z)].

OzuavenHsa 1.6. Qynxuyito, axy odeporcano <HarsadarHams 060X 1 Oiavue

PyrKuitd, Ha3uBarOMLH CRAGIEHON.
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Hanpukian, dyukiis y = logs (x 4+ 3) ckiamaersbest 3 1BoX (byHKIII:

y =logsu, u=x+ 3.

Teopema 1.8. Axwo dynxuia u = p(xr) mae noxiony v, 6 mouwui T, a
dynruia y = f(u) mae noxiony y., y 610no6idnit mowyi u, mo cxiadena Gyrryin

y = flp(x)] mae noxiony y., 6 mowyi x: y, = y,u.,.

ITpuxaad 1.15. 3agano dbynxuio y = logs (2? + 3). Suaiitu o

Pose’sazannsa. Tyt «naxnageni» nsi Gynkiii: y = logs u, u = 22 + 3. Toxui

b = u1115 iy =2
Orxke, | )
Ve = (22 + 3) 1Il5(x2 +3)' = (22 +§) In5’
Bidnosiods: 2 fg) e

ITpux.aad 1.16. 3anano dbyukiio y = sin? x. Snaiitu 1.

Poss’sasarnas.

2 !

. / . . . .
Sinx(sm 96)17 = 28inx cosx = sin 2x.

y, = (sin®2)!, = (sin2)

Bidnosidws: sin 2x.

ITpuxaad 1.17. 3agano bynxuio y = In(tgz3). Snaiitn 3.

Posg’azanms. Tyt DyHKIS cKIajgeHa 3 TPhOX CKJIA0BUX:

y=Ilnu, u=tgu, v=z

Toxi  y, = (Inu),(tgv), (%), abo

/

Yy

1 1 ) 3z?
- - Y —
tgx? cos?a? tg a3 cos? 13

3x2

Bionosiob: ———.
tg 23 cos? 23
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ITpuxaad 1.18. 3anano dynkuito y = tg’ (23 + 4). Snaiitu /.

Poss’asarns.

Y. =1y = T7tg" (2° + 4) 322,

cos? (3 + 4)
2122 tgl (23 + 4)
cos? (3 + 4)
ITpux.naad 1.19. 3uaiiru noxigny Gyskuii y = Va2 + 4x + 2.

Pozs’azanns. llpeacraBumo nany pyHKINIO Y BUIISII

Bidnoesiods:

y =72 z=x"+4x+2
Ta, TudepPeHIiIeEMO

2= (2? 4+ 4a +2) = 22 + 4.

1 1
/ = z ! = = )

Tomi octaTouHO

; x4+ 2
SN rar 2
2
Bidnoside: — - .
2vz? + 4z + 2
. . cos’x
ITpuxaad 1.20. 3uaiitn noxijgay GyHKIil y = ——.
sin x

Poseg’azanmsa. Jludepeniiitoemo 11 sik 4acTKy 1 CKJIaJIHy (DYHKIIIO

, <cos2 x)' (cos’z) sinz — (sinx) cos® x
y = =

2

sin x sin“ x
2 cos x(— sin x) sinx — cos x cos? x 2 cos z(sin® x + cos® x)
sin® sin®
2Ccos T
sin® x
2cosx
Bionosidv: —

sin? x
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1.7. Iloximna obepuHeHol (pyHKIIIT

Hexait y = f(z) i = ¢(y) — napa B3aemuo obepreHuX (DYHKIHA, TOOTO
obtacTio Bu3HadeHus GyHKINT ¢(y) € MuHoKnHa 3Ha9enb GyHKIil f(x), a MHOKIHA

sHadenb p(y) e obractio Busnadenus f(x).

Teopema 1.9. rxwo dynruyia y = f(x) cmpozo monomonna na inmepsani
(a;b) @ mae sidminny 610 nyaa noxiony f'(x) 6 uyvomy inwmepsaai, mo ichye
obeprena pyrryia x = p(y), axa maxosrc mae noxiony ¢ (y) 1

ooy 1

Teopema 1.10. [loxioni 610 obepHEHUT MPUZOHOMEMPUNHUL  HYHKYIT

3HAT00AMb 36 HOPMYAAMU

(arcsinz) = L (arccos ) = — L
1— 22 N
(arctgz)’ = L (arcctgx) = !
A S ok
O Oyukiis y = arcsinz, jge x € [—1; 1], € obeprenoro 10 dyHKIHT © = sin y,
je y € [ — g; g] . OyHKIig © = siny 3pocTae i x’y = cosy > 0. Toxi 3a ymM0BOIO

TeopeMH TIPO MOXiTHY 0O6epHeHOol (PYHKIIIT MaegMo

| 1 1

1
y _ —_—— = g == .
Yooy, cosy  \/1—sin’y V1-—2?

72
r € (—00;00), 1 yMoBa TeOpeMu BUKOHY€ETHC (T = tgy 3pocTae),

T m
s dynkuil y = arctg r obeprenoro € x = tgy, jle y € { — ] ,

I I _ 2 ;
T, = o >0, y, = — = cos”y. Toxui
Yy Ly,

HoBejienns 10X cHiBBigHOMIEHb aHasoriune. W
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ITpuxaad 1.21. Buaiitu noxigny dyHkiii y = arcsinz + /1 — 22.

Poss’asarns.

L,
VI—22 21— 22

(arcsinz++/1 — 22)" = (arcsinz)'+(v/1 — 22) = (1—2?)

1 1l —=x 1l—2

x
T VI—22 Vi—22 Vi—22 Vi4az

1 —
Bionosids: * )
\/ 1+

ITpuxaad 1.22. 3uaiitu noxigny dyHKIil y = /1 — x? arccos .

Poss’asarnas.

(V1 —z%arccosz) = (/1 — a2) arccosx + (arccosx)'v/1 — 2% =

T 1 T arccos
————arccost — ——\/1 — 22 = — 1+—).
V1— 22 1 — 22 ( V1— 2

T arccos £U>

V1— 22

1
ITpuk.naad 1.23. Suaiitu noxinny QyHKIil y = arctg Ty 3 In(z* + a?).
a

Bionosidb: — <1 +

Poss’asarnas.

I
VRS
V]

—

o
-

o
Q|
~_
+
DN | —
—
=
—
8
[\]
+
.
[N}
e
I

h 1 '
[&I’C g —a + —2 Il(il? +a )]

1 2\ 1 1 5 o9y  THta

_1 T 2(5) +§x2—|—a2(x +a)_a:2—|—a2'
“\a
Bionosiodw: x—_HL.
r? + a?

ITpuxaad 1.24. 3uaiitn noxigny ¢gynkmii y = arcctg 2z — 1.
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Poss’asarns.

y = (arcctg V22 — 1) = (v2z —1)

T1r (V212
B 1 2 B 1
1422 —1 24/2x — 1 N 2021 — 1
1
Bidnosidob: ———————.
20\ 2x — 1

1
ITpuxaad 1.25. 3uaiitn noxiaay GpyHkIil y = arcsin —.
x

Poss’asarnas.

(o) - =5 6) - = ()
y=|arcsin— | = — | ==\ =
x 1 x 21 x

_\x\\/xQ—l.
1
z[va2 — 1

ITpuxaad 1.26. 3uaiitu noxijgny ¢yHkuil y = arctg

Bionosidv: —

1l—=x

14+

Poses’sasarns.

. 1—2\ 1 1—2\
arc = =
H( )

1+x

(1+ z)? [—(1+CL‘)—(1—ZE)] _
(1+z)2+(1—x)? (14 x)?
2 1

24222 142

1
1+ 22

Bidnosidb: —
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1.8. Iloximna ¢dpyHKIIl, 3agaH0] IapaMeTPUuYiHO

Hexait 3amani n18i Gynkiii @ = ¢(t) i y = () onmiel 3minmnoi ¢, ski Busnadeni
Ha OJHOMY 1 TOMY 2K IIPOMIZKKY. B IIbOMY BUIIQJIKY FOBOPAT, 10 (hyHKyia 3a0ana
napamempuio, a t — mapamerp.
Aximo x = ¢(t) cTporo MOHOTOHHA, TO BOHA Mae obepreny byHKI0 t = (1)
iy =¢[®(z)] — crnagena dyuxiis. Tom noxigHa ckiagaenol GyHKIil
=yt = V(P (@) = L
Yo = Y " Uy (1)

/

Orxe, r_ Y
yw A
L

ITpukaad 1.27. Buaiitu noxigay y., OyHKIHT

T = 2cost,

y = 3sint.
Poses’sazanmsa. 3riiHo BuBeaeHiil Buie opMmysii, MagMo

, vy, (3sint)’  3cost 3
'ya: = —/ = ; = " — — = Ctg xI.
x;  (2cost)  —2sint 2

3
Bionosidv: — 2 ctgx.

IIpuxaad 1.28. CkiaacTu piBHSIHHS JOTUYHOL JIO ITUKJIOLIN
r =1—sint,
y=1—cost,
. . , s
B Touri My(xo,yo), fKa Bijmosigae mapamerpy t = —

5"

Poses’sazanns. 3uaiijiemMo Koopanuar Touku My:

2

: . T
xo = (t — sint) ﬂ:——sm—:§—1,
< 2
T
yo = (1 — cost) W—l—cosazl
t:_
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SHaitemo noxijgny B Touri M:

, sint

Yy =1

= l—cost|,_x
-2

2

t=

Toni piBHAHHS JOTUIHOI Ma€ BUTJISIT

abo
T
= 2 — —.
Y=+ 5

Bidnosidv: y =1 + 2 — g

1.9. IloxigHa HessBHO 3a4aHO1 (PYHKIIIT

Hexait dbyuxkiis 3amana westBHO y Bursiai piBustbsg F(z,y) = 0. o6
TnudepeHItiioBaTH HeIBHO 3aJlaHy (QYHKINI0, HEeOOXITHO 3HANUTH IMOXiTHY 000X
YAaCTHH PIBHOCTI 10 T, BBayKarm4u ¥y CcKJajeHolo dyukiieo Bijg x. IlortiMm i3

OJICP?KAHOT0 PIBHSIHHS BUPA3UTH 1.

ITpuxaad 1.29. Bnaiitn v, axmo 3anana eyukiia z° 4+ y° — 3zy = 0.

Poss’sazanmsa. 3rinHo 3 mpaBujoM JudepeHIiioBaHHd HesdBHOI (QYHKIIT

MaEMO
322 4+ 3%y — 3@’y +y'x) =0, 22+y* —y—y'x=0,
2 —y+y(y°—x) =0
3Bijicn
r Y= z?
V=g
. oy —a?
Bidnosidv: = :
y? —x

ITpukaad 1.30. Buaiitu o}, gkmo tInx — zlnt = 1.

Posg’sazanmsa. lle piBHsAHHA BuU3HAYae X SK HesdBHY yHKIiO I.
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IToxigHa MOKa3HUKOBO-CTEIleHeBOl PyHKIIT 29

Hudepentiitoemo 3a t:
/ 1 / / 1
ttnx +t—x, — ( x;Int+2— | =0.
x t
Yepes Te, mo t) = 1,

t t
lna:—l——xg—a:,’flnt—%:Q xé(——lnt)—%—l—lnx:O.
T

x
Orxe,
Z
, 1 Y g(z—thna)
S T tt—xlnt)
— —Int (t —zlnt)
x
[lo6 smaiitu ) npu ¢ = 1, HeoOXiJHO BU3HAUUTHU I 3HAYCHHS T, SKE
BifnoBimae manoMmy 3Hadennio t. Iligcrabisiounm ¢ = 1 y BuxijgHe piBHsHHS,

ojepxkuMo 1 -Inz —xlnl =1, 3Biaku Inx =1, orke = = €.

[TigicraBuMmo 3HadeHHS t, X Y popMysry st moxigHoi. OgepKumMo

, ele—1-Ine)
T, =
1(1—elnl)

=e(e—1).

Bidnoseids: e(e — 1).

1.10. Jlorapmdpmiune audepeHIiioBaHHS.

IToxigHa MOKa3HMKOBO-CTeIleHeBOl (PyHKITI1

[Ipyn 3HaXO/KEHHI IOXIJHOI JIesdKNX (QYHKINE JIOHIJIBHO 3aCTOCOBYBATU
norapudgmyBanisg. g audepentiioBanisg TMOKa3HUKOBO-CTeNEHeBOl  (PYHKITIT
By y = u’, qe u = u(z) i v = v(x) Jorapudmysanis 0608’ I3KOBeE.

BupejieMo  cmiBBiHOIIEHHS Ut moxigHol 1€l ¢dynknii.  CrnovaTrky

npoJsiorapupMyeMo Halry QYHKINO y = u':

Iny=Ihu"=—= Iny =vinu.
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Tenep 3Haiizemo mOXigHy HesiBHOI (DYHKIHI y mpumnyiieni, mo y = y(x),

u=u(z)iv=uv():

1 o / 1/_ / u' o / u'
(Iny) = (vinu)', gy—vlnu—i—va, y =y vlnu—i—va :

SaJIMIIAETbCs MUJICTABUTH i = u’ :

/
y = u”<v'lnu—|—vﬁ>.
u

Hapemi, v/ = u'v' Inu + u’ o

sin bx

ITpuxaad 1.31. Buaiitu 3, gaxmo y = x

Posg’azanmsa. Tyt u = x; v = sin dx. Toui 6e3mnocepeiHbO 38 HOPMYJIOI0

/ < < _ /
y = xbln5$( sin bx 11;

sinbz) Inz + sin b =

sin 5x—1

— 5297 cosHhrlnx + o sin bx.

sin br—1 sin 5.

x3e”

(. —1)V/3x +5

Poss’sazanmsa. llponorapudpmyemo yHKINIO, a MOTIM 3HANRIEMO TOXiIHY

Bionoeiov: 5x"%% cosbxlnx + x

ITpukaad 1.32. 3uaiitu ¢/, gxiuo y =

HEesIBHOI (PYHKIIIT:

Iny=3lnzx+Ine" —In(z—1) —Inv3x + 5;

1, 3 1, 1 1

— V3z +5),
y x er x—1 \/3x+5( )

. r3e” <3+1_ I 3 >
YT w-DVBzto\z r—1 2Bz+5))

xie” 3 1 3
Bionosiods: —+1—- — )
(x—l)\/3x+5(a: r—1 2(3:1:+5)>
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1.11. IloxigHl BUOIUX HOPSIKIB

Hexait na inrepsaui (a, b) 3apana dynknis y = f(x). Toxi i1 noxinna y’ rakox
€ (bYHKITIEIO BT 7, 1 BOHA TeXK MOXKe MaTH MOXiiHy Ha iHTepBasi (a, b) abo B neskiii

rouni z € (a,b). Lo noxijHy HazuBaoTh dpy2010 noxidHor abo noridnoro dpyeozo

d? d (d
nopadky. Ilosuaqarors 11 y”, f"(x), d—‘z, abo . (d—y>
x x \ dx

Oznavenns 1.7. [loxidnoio n-20 nopadky dynkuii y = f(x) nasusaromo
n)

n—l)/ ab0

noxiony 6id nowionoi (n — 1) nopadky. Iosnavaroms i y™ = (y
d d(n—l)y
%(dﬂ”‘”)

ITpux.aad 1.33. 3uaiitu gersepTy noxijany dyuknil y = 2° — 722 + o — 1.

Poss’asarns.

"= bat — 14w + 1,
y' = () = (52’ — 142 4+ 1) = 202° — 14,
y" = (y") = (202° — 14)' = 6027,
y" = (602%) = 120z.
Bidnosiov: 120z.

ITpuxnaad 1.34. 3uaiiTn MOXiHY N-T0 NOPIKY DYHKIHT ¢y = €.

Posze’sazanna. Ioxinna nepiioro nopsiaky: 4y = ae®; apyra noxijpa:

y// — a2eax; y/// — a3€ax; y(4) — a4ea:c; o y(n) — g™

Bidnosidv: a"e’”".

pyra ToxijiHa 3aCTOCOBYETHCS TIPHU JIOCTIJZKEeHHI DYHKIIH 1 1mody1oBi
rpadikis.

Disuvnut amicm dpyeoi noxidnoi: skio nepra noxigaa S'(t) = V() —
HIBIJIKICTE PyXy Tijta, To apyry noxiguy S”(t) = V'(t) = a(t) moxkua TaymadnTu

K TIPUCKOPEHHS.
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1.12. Tabauiga moxiaHmx

3BeieMo BCl BUBe/IeH] criBBimHOMIeHHS. BBaxkarnmemo, 1o u = u(x),

v = v(x) — mudepenniiioBui dyukiii, C' — crajia BeJHInHA.

IIpaBniaa audepeHIitoBaHHS

Ly = f(u), u=u(x), y, = y,u; 5. (uEv) =u £
/
2. (u?) = u"v' Inu + v tou; 6 (L) = u'v —v'u,
v v
/AN | /,,.
3. (wv) = v'v + v'u; 7 (Cu) = Cu-

y/
by =y(t), z==x(t), v, =
t

Tabuniiga moxigHmx

_0- 1
1. (C)/ = 0; 9. (tg u)/ _ . u/;
cos? u
2. (u") = nu" /', n € R; 1
10. (ctgu) = — -

sin® u

1
11. (arcsinu)’ = ——— - u/;
4. (") = e"u/; ( ) V1—u?
1 1

5. (1 = ' 12. (arccosu) = ———— - u/;

(log, u)’ = ——u ( ) —

1 1

6. (Inu)" = EUI; 13. (arctgu)’ = T -l
7. (sinu) = cosu - u; 1

14. (arcctgu) = T2 !

8. (cosu) = —sinu - u';
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3aBJaHHs JJIsI ayJJUTOPHOI pobOTH

1. BuaiiTin moxiHi:

1) y=x(2—12)% 9) y = cos® 3z + 3(1-2);
3 2
_Z 10) ycoszy = z + 3;
V=g o ) yeoszy
31 11) In (2% + 2y) = 2u;
3 y=——1
x° +1 .
T = Cost,
. 2\ 2 12) { o
4) y = (sinz — cos Z) : y = sin2t;
13) y = a!n®
5)y=(2z —1)ctg (x +5); .
(1 —2%)cos’6
3 14) y = ;
6)y:tg3x+1tg24x; )y s ’
1+sinz)’ 15) y = (tgz)
Ny=\—7>—1: .
cosw 16) y = 5*"* cos Hz.
1
8)y:1n<ctgx—|— )
sin

2. Buafitu IpyTy MOXITHY, AKIIO:

1)y =2(2—2)?% 3 9
)y ( y ) 4)9—\/5__+x2,
x p—

Y=y D)y=z+V3—-x;

3) y = x%e; 6) y = cos® 3z + 3(1-2),
1

3. BHallT HOXi/HY N-T0 HOPAJIKY, AKIIO Y = —
T

JlomaIlrHi 3aBaaHHS
1. BuaiiTyn moxijHi:
1) _zter T =tgt
Ty 2) 1
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1. IudepenmnitoBannsi pyHKITii

{ x = e cost,
3)

4) 2% + 3 = sin (z — 2y);

ot i 4
Yy = e sint;

2. 3HaiiTn Apyry MOXigHY, SKIIO

Dy=(2>-1)In(x —1);

Inz

2 .
)y =37

3. Buafit n-y moxigHy, IKIIO y = €

Bionoesioi:
1.

1)y = 2¢%(3x — 1)
Yy = (x—e3x)2 ’

2) y = —2sint cos®t;

Cost+sint.

3) y = — 07
)y cost —sint’
1)y = cos(x—Qy)—SxQ;
3y% + 2 cos (z — 2y)
2.
2z
1) 21 —1 1;
) 2 — 1)+
3+4(1-3nx)

)

2)

3) —6x sina? — 42° cos

x5

2.
)

3.yl = 2nee,

5) y = arccos \/x;

sin? x

cos?

6) y =
)y ctgx + 1

3) y = xcos x%;

4)y = (3 - 2% In*z.

2x

1
W1 — 22’

5)y

6) y =
2 — cos2x + sin 2x
(tgx + 1)

4) —2In*z—4lna— (

X

+tgx—|—1'

2+ cos2x + sin 2z
(ctgz + 1)2

0 ln x4+
2

2+
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3aBJaHHs JJIsI caMOIlepeBIipKN

1.

10.

11.

12.

BupunTn Tab/mio moxiiHux.

. Homy J10piBHIOE IOXi/IHA CyMU (DYHKIII?

Yomy jtopiBHIOE 110Xi/HA JTOOYTKY JIBOX (DYHKILiN?

Yomy JIOPIBHIOE TTOXi/IHA YaCTKU JBOX (DYHKITIT?

. CdopmyoBaru TeopeMy PO MOXIJHY CKJIaJIeHHOI (DYHKIIII.

CdopmystoBaTt TeopeMy IIpo MOXiIHY 00epHeHol (DyHKIIT.

AK 00UNCI/IIOEThCs TIOXiIHA HEesIBHO 3a/1aHHOI (DYHKIIIT?

[Ilo Take cTerneHeBo-MOKa3HUKOBA PyHKIIsI? YK o0duc/oeThest i1 moxigHa?
[ITo Take siorapudmiune gedepenitoBants! HapegiTh mpukiai.

ZIK 00UHMCITIOETHCST TTOXi/IHA TapaMeTPUIHO 3a/[aHHOT (DYHKII?

[lo HasuBaeThcs Apyroo moxigaow GyHkmil y = f(x)? Akuit 11 Giznanmii

3MicT?

[ITo HasiBaeThCs 1OXiHOW N-T0 MOpsiAKy dyHKIil y = f(x)?



Poz i 2

3acToCcyBaHHH

JnpepeHIajabHOIr0 YNCJIeHHA

2.1. JIndepeniiana ¢pyHkIl Ta itoro 3acTocyBaHHs

Hexait dyukuis y = f(x) nudepenniiiopana B Touri = € [a,b], To6TO
. Ay Ay '
/ _ _ / _ /
fl(z) = Alimo Ay Toni = fllz)+a,a— 0, Az — 0i Ay = f(x)Ar+aAzx.
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Oznavenns 2.1. Jlupepernuianom dy dynwkuii y = f(xr) 6 mouyi x
HA3UBAEMBCA 200061 AiHIUHA 6I0n0cH0 Ax wacmuna npupicmy dymruii f(z)

6 uiti mowui: dy = f'(x)Aw.

Akmo y = x, ro iy = 2’ = 1, Tomy dy = dr = Ax. OTKe, MOXKHa 3a1ucaTi
dy = f'(x)dx.

Teomempuvrut amicm audepeHiiasy MMogCHIMO Ha puc. 2.1.

Hudepenmian dy dynknii f(x) npn 3ajaHux 3HAYEHHAX apryMeHTy &
JIOPIBHIOE MPUPICTY OPAMHATH JOTHYHOI J10 KpuBol y = f(x) B TOUmi .

Ockinbku dy =~ Ay upu mamx Az, 1o f(x+ Ax) ~ f(z)+ f'(x)Az i 3amina
npupocty GYHKINT Ha 11 JudepeHiiag reoOMeTpUIHO O3HAYAE 3aMiHy OpJIMHATH
Touku M; KpuBoOl Ha OpJuHaTy JAOTHYIHOl B Touri M.

Taxa 3aMmina JIOIIJIbHA JIAIIE IPU JOCTATHLO MaJINX 3HAYEHHSIX AX.

ITpuxaad 2.1. O6uucautu HabmKeHo +/1,08.

Posze’szanmns. Posrisineno dyukiio y = /z, z € [0;00). Ckopucraemoch

HaBeJICHOIO BuIlle pOPMYJIOO JIJIsI HAOJIMKeHNX odbuucienb. Ipun x =1,

Az = 0,08, snauenns f(14 0,08) ~ f(1)+ f'(1) - 0,08. Toxi

1 0,08
\/1.08 ~v1+0.08 — ’
087 V140, <2\/’>

=14+—=1,04.
=1 " 2 ’

Bidnosidv: /1,08 ~ 1,04.

ITpuxaad 2.2. Ob6uuciautu Habmkeno arctg 1,05.

Pose’sazannsa. llpu x =1, Az = 0,05,

arctg(1 4+ 0,05) ~ arctg(1) + 0,05 arctg’(z)

r=1

7 0,05
= — — =(,811.
4+ 2 ’

o 1
arctg 1,05 ~ 1 + 0,05 T

Bidnosidw: arctg 1,05 ~ 0,811.

r=1
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2.2. IlpaBujo JlonitaJasd

Teopema 2.1. Hexati ¢pynxuii f(x) 1 o(x) susnaueni i dudepenuyitiosni 6

deﬂ%aMy 0KOAL MOYKU g, 34 BUHATMKOM, MOHCAUEO, Camor MoKy Ty, NPpUHoOMY

lim f(z) = lim ¢(z) =0,

T—X0 T—X0

1 KOAL ULEL TROYUKU ) 1, AK 1ICH aHUUA BLOHOUEHHA NOTILOHU
8 0KO0AL mo "(x) # 0. Todi, 0 ICHYE 2 s10HOULE r10Hux

. fl(x) . . . o flx) S
lim , MO ICHYE 1 2PaHUYA 610HOWeHHA hynKyid lim 1 UL 2PAnULL PLEMI
T—T( gp’(l’) T—=o QO(ZU)

Miotc coboro, mobmo
/
lim M = lim f(z)

e p(x) ~ wom ()

Teopema 2.2. Hexatil ¢gynxuii f(x) i o(x) 6usnaveni i dugdepenyitiosni 6

deAKOMY OKOAL MOYKU T(, T 68 UbOMY 0KOAL

lim f(z) = lim p(z) =00, ¢'(x) #0.

T—X0 T—X0
"(x x
Todi, Axwo ichye epanuus lim 7 ), mo ichuye epanuus  lim M,
T—x gp’(aj) T—x gp(x)

BUKOHYEMBCA CNIGBIOHOULEHH.A

HeBusnavuenocTi BUrsity

{0 ) 00}7 {OO - OO}, {00}7 {000}7 {100}

&ﬂFe6pa.l.tlHI/IMI/I HEPETBOPECHHAMM 3BOAATHCA JO OCHOBHUX

o) Hxt

a TIOTIM 3aCTOCOBY€ETbHCs TTpaBmiio JlomiTats:
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a) gkmo lim f(z) =0, lim ¢(x) = oo, TO

T— X0 T—X0

lim [f(z)p(z)] = {000} = lim £ {9};

T—T T—To 1

p(x
6) axmo lim f(z) = lim ¢(z) = oo,
1 B 1
Jim [£(2) — p(a)] = oo — o0} = tim 25 fT,
@) @)

B) skmo lim f(z) = lim ¢p(z) =0, T0

T—X0 T—To

lim z)In f(x
lim [ f(2)]?) = et P I

T—X0

i nepusnauenicts {0°} sBopuTHCA J10 HeBusHAuenocti {0 - co}. Hesusnauenocri

{00}, {1°°}, posKpuBaIOTHCA AHAJIOTIUHO.

1
ITpuxaad 2.3. Ob6gucauT rpaHuIio lim =2

r—0o0 U
Pose’sazannsa. lligcrasusim 1o dyukiiii f(x) = Inz i p(x) = x rpanndane

3HAYEHHS apryMeHTY T, OJICPKUMO

Inzx {oo}
Iim — =< — 5.
T—00 T 00

3acTocoByeMo MpaBuiio Jlomirasst:

1
| | ! = 1
fim 20— g P a L
T—=00 I x—=00 T x—o00 | T—00 T
) ) . Inz
Bionosidsv: lim — = 0.

Tr—o0 U
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2. 3acTrocyBaHHS U@ EPEHIIAITHBHOTO YUCTEHHS

65:10 _ e?x
ITpuxaad 2.4. Ob64ucauT rpaHuIo lim

z—0 €T
Poss’aszanna.
Sr _ 2z 0 5 5r 2 2z 3
lim & ¢ {} 2 3
x—0 X 0 z—0 1 1
S5 _ 2z
Bidnosidv: lim ——— — 3,
x—0 x
ITpuxaad 2.5. O6uuC/IUTH IPAHUIIIO lin%(Q — ) tg %
T—
Poss’saszanna.
. T . 2—x . 2—x 0
(2 = @) tg 7 = {0 o0} = limy =5 — = Iy ——7z = {a} =
7T &7
57
—1 4
= lim

T—2 7T< 1 ) - %
4\ 2™
S1n 1

. . 0
B 1ipoMy mpukIIai crovyaTky 3Besiu HeBu3HadeHicTh {000} 10 BUrsLy { },

0
a IOoTIM 3aCTOCYBaJId TPABUJIO HoniTaiIﬂ.
T

Bidnosids: lim(2 — z)tg — = —.

r—2 4 7

1
ITpuxaad 2.6. Ob6aucauT rpaHuiio lim (tga: — )
T cos T

. 0 .
Poss’sazanmns. 3Be/ieMo HeBU3HAYCHICTH {00 — 00} 110 BUTJISTY {— , & TIOTIM

3aCTOCYBEMO IpaBuJio Jlomiralisi:

1 ' 1
lim(tgm— ) :{oo—oo}:hm(smx— ) =
T—T COS &

r—5 \ COST COS T

o sinz —1 0 . COS T
= lim ——— =< - % = lim - = 0.
z—T  COSXT 0 5
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1
Bidnoseids: lim (tgx — ) = 0.
COS T

TG
1
. 2
ITpuxaad 2.7. O649ucIuT rpaHuIio lm% cos 2x
T—r
Poze’sizanns.  Maemo  mesmsmadenicts  {1%°}.  Ckopucraemoch
CIHIBBIIHOIIIEHHSIM
1 1
1 22 22
) In lim | cos 2z lim In | cos2x
. €T r—0 x—0
lim | cos 2x =e =e :
z—0

SHaiiieMo 3HaUYCHHd [TOKA3HIKA:
1
2

lim In (cos 23:) L
r—0

1 In cos 2
— lim — Incos 2 = {00 - 0} = lim —— = — {9} _

r—0 ;132 r—0 s O
—2sin2x
1 in 2
= lim —CO82T  _ 9y lim o=t 911 = -2,
x—0 2x x—0 cos 2x z—0 2z

2
Bidnosidws: lim (cos 2x> v e 2,

x—0

3aBJaHHs JJIsI ayJJUTOPHOI pobOTH

1. Bamucaru BjacTUBOCTI Judepeniiaia;
dC, d(Cu), d(u £ v), d(uw), d(—),

sxio C = const, u = u(zx), v = v(x).
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2. 3uaittn audepenmiany GyHKILI:

1) y = EM+ 8arcsin§; 2) y = arccos v -1
9 4 y= 2+ 1

3. O6uncsurn tg46°.

4. 3HaflTH rpaHuIli:

.1 —cos4dx In(1+3
1) lim ————; 8) lim M
z—0 €T r—0 sindx
% T
2) lim — EANE)
r—00 D + €7 9) lin% (tg I) ;
T
3) lim(z2 — ctg? );
z—0 1
4) lim (7 — 2x)°; 10) lim(ctgz)Inz
. tg 2z, I L, |
5) lim(In ctg x)**; 11) lim &2 — =,
=0 3r — tg®x
6) lim (In sin 2x)'83%; )
z—0 X
12) lim ———.
. 57 _ 1 =01 — cosdx
7) lim — :
z—0 SInx

JlomaIlai 3aBaaHHS

. 6330 -1 1
1 EE%) arcsin 22 4) ig%(tgx_ N 7T>;
2) hmsinx—i—x3—x5. 2
xz—0 4o — x4 , 1
ot _ oz 5) lim(ctg x)lna?;
3) lim ————; 0
z—0 In (1 + 21’) 6) lim (tg I.)2:r—7r.
=3

Bidnosi0i:
1) 3; 2) 0,25; 3) In2; 4) —2; 5) e’ 6) e.
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3aBJaHHs JJIsI caMOIlepeBIipKN

1. o nazuBaeThes audepenmiaaom GyHKI!

2. 4K BuzHauaeTbcs JAudepeniiiag GyHKIT gyepes i1 moxigny?

3. fxuit reomerpuunnii 3mict audepenniaia’

4. Bnactupocti nudepenmiaga.

5. Chopwmymmoatn 1mpasusio Jlomitanass Jiisi pO3KPHUTTS HEBU3HAUEHOCTEH
0 00

BULJISIJIY R — ¢ Ta § — .

0 00

6. ki HEBU3HAUYEHOCTI MOXKHA PO3KPUTH 3a JIONOMOroro Ipasuia JlomiTais?

7. 4k poskpurn nesusznadenocti {0 - 0o}, {oo — oo}, {0°}, {0}, {17°}7

2.3. 3acrocyBaHHsA aAndepeHniaJbHOTO YNCJICHHS
0 JOCTHiIKeHHsT (PyHKITIA

Hocainnte dyHKI0, 33JaHy aHaiTUIHUM Bupasom y = f(z), o3Hadae

BU3HAUYNTHU TaKl 11 XapaKTePUCTUKIN:
v/ 00J1acTb BU3HAYEHHSI,

MapHICTH UM HEIapHICTD,

1epPIOJINYHICTD,

MOHOTOHHICTb,

eKCTPEMYMH,

HaOL/IbIIe 1 HAalIMeHIIe 3HAaYeHHS B 3a/1aHOMY BiJIPI3KY.

S N N N RN

SIKIIIO € TOYKM pO3puBY (YHKILI, TO HEOOXiJTHO JOCHiAuTH 11 IOBEIIHKY

100JIN3Y IUX TOYOK.
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s rpadigaoro 300pakeHns pyHKIT HEOOXITHO JTOAATKOBO BU3HAYUTH:
v/ TOUKHU mepeTnHy rpadika 3 ocsiMi KOOPJIMHAT;
v/ iHTepBaJI OIYKJIOCTI Ta YIHYTOCTI;
v/ TOYKH IIePEeruny;

v\ aCUMIITOTH.

2.3.1. MonoTOHHICTH (PYHKITIT

Busnauntn, an € QyHKIA 3pocTaiodoio, ado CIajHoo, 1 3HaiiTu inTepBan

MOHOTOHHOCTI MOXKHa 3a 3HaKOM IIOXI1JTHOI.

Teopema 2.3 (HeobximHa ymMoBa 3pocTaHHst). SHxwo dugepenyitiosana
na iwmepsani (a;b) dynruia f(x) spocmae, mo i noxidna nesid’emma, mobmo

f(x) > 0 na yvomy inmepsani.

Teopema 2.4 (mocraTtHsi ymoBa 3poctaHHs). dxuo ¢dynkuia f(x)
dueperuitiosana wa immepsani (a;b) ¢ f'(x) > 0 das a < x < b, mo Pynruyin

3pocmae Ha UboMY THIMEPBANL.

Teopema 2.5 (HeoOximHa ymMoBa cnajianHs). Sxuo dudepenyitiosana Ha

inmepeani (a;b) dynruia f(x) cnadaec, mo f'(x) <0 na yvomy inmepsani.

Teopema 2.6 (mocratHsi ymoBa cmafanHs). dxwo dynkuia f(x)
Juepernuitiosana na inmepsani (a;b) 1 f'(x) < 0 das a < x < b, mo dynruyia

cnadae Ha YbOMY THMEPBAAL.

BAVBAYKEHHA. fAxmo f/(x) > 0 (f'(x) < 0) va (a;b), ro dyukiia f(x) ne
criajiae (He 3pocrag).

[nTepBaii MOHOTOHHOCTI MOXKYThb BIJIIIJIATUCT OJUH BiJl OJHONO TOYKAMM,
B akux f'(x) = 0, abo Toukamu, jge noxigHa He icaye. Ili Toukm HaszuBarOTCHA

KPUMUMHUMU MOYKAMU NEPULO20 POOY.
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Feomerpuunumii 3mict teopem. ko Ha inrepsasi (a;b) dyukiis f(z)
3poCTae, TO JOTHYHA 70 KpuBol y = f(x) B KOXKHIH TOUI IHTEPBAIY yTBOPIOE
3 JojaTHuM HampsiMkoMm oci Ox rocrpuit kyT. dAkmo dyskiia f(x) cnagae Ha
(a;b), TO KyT MiXK JIOTUYHOIO J10 KpuBoi y = f(x) 1 jjogarHuM HanpsMkoM oci Ox
— TYIINIA.

106 3HafiTn iHTepBain MoHOTOHHOCTI (byHKIIT f() | BUSHAUNTH 1T TOBEIIHKY
Ha X iHTepBaJjax, Tpeda:

1) 3HaiiTi 061aCTH BU3HAUEHHSI;

2) 3HafiTi TOXimHy;

3) suaiitu kputnuni Touku | pogy 3 piBugnus f'(z) = 0 Ta 3a ymoBH, 110
f'(z) ue icuye;

4) po3MNTH KPUTHIHUMU TOYKAMHI 00J1aCTh BU3HAUYCHH:A (QYHKIH Ha
IHTepBaJIl MOHOTOHHOCTI;

5) BU3HAYNTH 3HAK MOXIJHOI B KOXKHOMY IHTEpBaji MOHOTOHHOCTI: Ha
iHTepBasIax, Jie Iepiia IMoXigHa JojarTHa, (PYHKIS 3pocTae, a Jie BiJ'€éMHa —
CIIa/TaE.

ITpux.aad 2.8. Hocripuru dyukiio f(x) = z3 — 3x — 4 Ha MOHOTOHHICTb.

Po3ss’sa3zanmHs.
1) obsactb BusHadenHst hyHKI: —00 < & < +00;
2) noxigna: f'(z) = (23 — 3w — 4) = 32* — 3;
3) kpuruuHi Touku I pojy: 302 =3=0= 2, = 1, o = —1; noxizgHa icuye
Ha (—00; +00);
4) inTepBajn MOHOTOHHOCTI (puc. 2.2): x € (—oo; —1) U (—1;1) U (1; +00);
5) npu z € (—oo;—1) noxigna gogaruna: f(—=2) =3-(=2)>-3=9>0—
YHKIIIsST 3pocTae,
npu x € (—1; 1) noxinna sig'emua: f/(0) = —3 < 0 — dyHkuig cuajae,
upu z € (1; +o0) noximua monarna: f/(3) = 3-32 —3 = 24 > 0 — dbynxuis
3POCTAE.
['pacdigno po3B’sI30K 3a/1a9i MOXKHA [TOKA3aTH Ha pUC. 2.2.
Biodnoseidv: dynkiin 3pocrae npu r € (—oo;—1) U (1;+00); cnajae npu
r e (—1;1).
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3HaK f(x) W
>
X

IToBeminka f(x) /v -1 \ 1 /

Puc. 2.2

ITpuxaad 2.9. 3naiiTu iHTEPBAJIM MOHOTOHHOCTI (DYHKIIIT

fz) = 2z + 1)v/(z — 2)2.

Poses’sasarnas.

1) obsacTb BU3HaUeHHST (DYHKIT: —00 < & < 400;
_ 10(z—1)

3 2

3) kpuruuni Touku I pouy: f'(x) = 0 = xy = 1; noxijgHa He icHye B TOUI

2) moxigna: f'(x)

Ty = 2;
4) inTepBasn MOHOTOHHOCTL: & € (—00; 1) U (1;2) U (2; +00);

5) pu x € (—o0; 1) noxijHa jmojaTHa — (BYHKIS 3POCTAE,

npu x € (1;2) noxigxa Bij'emMHa — (yHKIIisI Criajae,

npu x € (2;400) noxigHa gomarHa — (GYHKIIisST 3DOCTAE.

Biodnosids: dyuxiin 3pocrae mpu r € (—oo;1) U (2;+00); cmamae mpu

x € (1;2).

2.3.2. JlokaabHuii eKkctpemym (pyHKITIT

Osnavenns 2.2. Qyukuyia y = f(x) mae aokarvhud enympiwmid
MAKCUMYM (a00 MIHIMYM) 6 MOYYL T = T(, AKULO:

1) f(x) susnauena 6 mowyi Ty 6 i Jocmammvo MaLOMY <O-0K0AL>, MOOMO
npu oy — 0 < x < x9+ 0;

2) 6ci 3naverna GyHkyii 3 «5-okoay» menwi (abo Oiavwii), wioke 1T 3HauEeHHA

6 mouuyi xg, moomo f(x) < f(xg) (abof(x) > f(x0)).
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[eoMeTpuunmit 3MiCT HOTO 3pO3YMiINii i3 puc. 2.3.

Puc. 2.3

Oznavenns 2.3. Makcumym (MiHIMyM) HAZUBGEMBCA EKCTMPEMYMOM

OcKiJIbKY 11i MTOHSTTS MOB’SI3aHHI 3 OKOJIOM TOYKH i3 00J1acTi 11 BUBHAYEHHSI,
TO eKCTpeMyM (PYHKIIT MOyKe OYTH JINIIEe Yy BHYTPIIIHIX TOYKAX 00JIACTI.
3acTocyBaHHS TTOXI/IHOI 10 3HAXO/KEHHs eKCTpeMyMy (pyHKIIT Oa3yeThcs Ha

TaKNX TeoOpeMax.

Teopema 2.7 (meobximgHa ymoBa eKCcTpeMyMy ). Hkuwo dudepenyitiosara
dynrxuia y = f(xr) mae excmpemym 6 mowui xy, mo i noxidna 6 wit mouui

dopisnioe nyao, mobmo f'(xq) = 0.

Teopema 2.8 (mocTtaTHsa yMoBa e€KCTpPeMyMYy). kw0 wenepepera
dynruia y = f(x) dudepenyitiosana 6 dearxomy <«0-0Koai» KpUMUUHOT MOUKU
T 1 npu nepexodi wepes nei (3aiea nanpaso) noxiona f'(x) minae anax 3 «+» Ha
«—», MO Ty € MOYKOIO MAKCUMYMY; AKULO 3HAK NOTIONOT 3MINIOEMBCA 3 «—» W

«+», mo xy — mouka Minimymy. (dus. puc. 2.3).
SAVBAYKEHHS. € Taki (yHKINI, B TOUYKAX €KCTPEMyMYy SIKUX, IOXijHa He
icaye. Hampuknan, dysaknis f(x) = |z|. B rourni minimymy = = 0 1i moxigaa He

icaye (puc. 2.4).
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YV A

=V

0

Puc. 2.4

Ot:ke, nemnepepBHa (QYHKINS MOXKe MaTH €KCTPEeMyM JIUIIe B TOYKaX, Je
MOX1/IHa JIOPIBHIOE HYJIIO, 200 He iCHY€, TOOTO B KPUTUIHUX TOUKAX.

[I1o6 mociignTn PyHKINIO HAa €KCTPEMYM, HEOOXiTHO:

1) sHaiiTu 06/1aCTh BU3HAYEHHSI;

2) 3HANTH MepIy TOXiIHY;

3) suaiiTn kKpurnaHi Touku I pojy dyHKIl i3 piBusuug f'(z) = 0 Ta 3 ymosH,
o f'(x) He ichye;

4) Bubparu cepejl HUX BHYTPIIIHI TOUKU 00JIaCTI BU3ZHATEHHST;

5) mocutiquTu 3uaK noxianol f/(x) 3miBa i crpasa Bijl KOXKHOI KDUTHIHOT TOUKH;

6) BUIICATH Ti TOUKH, JI€ €KCTPEMYM €;

7) 3HaiiTu 3HaUeHHsT PYHKIIT B TOYKAX EKCTPEMYMY.

s nocnipkenasa (QyHKINT HAa €KCTPEeMyM MOKHA CKOPUCTATHCH TaKOXK

HOHSITTAM Jipyrol noxijgnoi f”(x).

Teopema 2.9. drwo 6 mouyi xy nepwa noxiona f'(xg) = 0, a dpyea noxiona
f"(xg) # 0, mo npu f"(xg) < 0 Pynkuyia mae 6 with mouyi Makcumym, a Npu

f(xg) >0 — mirimym.
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53
ITpukaad 2.10. 3uaiitu ekcrpemymu bysKIii f(z) = % — 5:62 + 22 — 3.

Poseg’azanmsa. Obnacth BUsHaUeHHsT DYHKI: —00 < & < +00.

Kpurnuni roukn I pojy:

3
x° 3

/
f(z) = <§—§x —|—2x—3> = 2% — 32+ 2;

??—3r4+2=0 = r1 =1, 9 =2.

Touok, me moxigHa He icHye, HeMage. 3a mepInown noxigHow (puc. 2.5): Touka

T = 1 € TOUKOI0 MaKCUMYMY, a TOUKa & = 2 — TOYKOIO0 MIHIMYMY.

3nak f'(x) W
>

Mosenira f (x) /mgzx \ m%n' / *

1:-& 2:_l
ey 7 f2) 3

Puc. 2.5

SnadenHs QpyHKINT B IUX TOYKAX:

13 7
maxr — 1) = ) min — 2) = ——.
faw = F(1) = = fuin = F(2) = =
3a apyromo noxijguoio: f'(x) =2x -3 = f"(1)=-1<0, f'(2)=1>0.
Or:xke, B Touri ¢ = 1 dpyHKIIist zlLigcTae MaKCUMYMY, & B TOUIll & = 2 — MIHIMYM.
Bionosiowv: fi.. = f(1) = r fmin = f(2) = -3

2.3.3. Haiibiabpiie 1 HaliMeHine 3HavYeHHa QYHKINI Ha
BIJIPI3KY

Henepepsua wa Bijpisky [a;b] dysKIis Jjocsrae cBoix Ha#biIbIIoOro i
HaIMEHIIIOro 3HadYeHb a00 y BHYTPIIIHIX TOYKaX BiJApPi3Ky, ab0 Ha HOIro KiHIsX.

AﬂFOpI/ITM 3HaXO/I?KEHHA IINX 3Ha4YCHDb:
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1) smaiitn kputuani Touku [ poay dyukuil Ha iHTepBasi (a;b);
2) obumcnTH 3HaYeHHs DYHKIHT y 3HAHIEHIX KPUTHIHIX TOYKAX 1 B TOUKAX
xr = a, r = b, ToOTO Ha KIHIAX BIJIPI3KY;
3) BubpaTu cepe IUX 3HAUYEHb HANOLIbIIE 1 HaliMeH e,
Axmmo dyukiis f(x) HenepepsHa Ha iHTepBasi (a;b), TO CJIi1 3HAKTH TDAHUII
lim f(z), xglbng f(z) mpu ¢ — 0 i 3navennsg QYHKIIl B KPUTHIHIX TOTKAX

r—a+e
IHTEPBaAJIyY.

ITpuxaad 2.11. 3uaiitn HalbLIbIIE 1 HAlIMEHIIIEe 3HAYEHHS (DYHKITT

f(z) = 32" + 42® 4 1 ua Bigpizky [—2;1].
Poss’sazannsa. 3uaiigeMo KpuTudaai Toukn i3 pisasang f'(x) = 0:
f(x) = (32" +42° + 1) = 1227 + 122%

1222 + 1222 =0 = rT1=x9=0, xr3=—1.

Toukn z = —1 iz = 0 Haze)kaTh Bijpisky [—2; 1], TOMY 3HAXOINMO 3HAUEHHS
dbyuxmii B ux Toukax: f(—1)=3—-44+1=0, f(0) = 1.

Buaiijemo 3HaueHHs QYHKINT Ha KIHIEX BiApisky: f(—2) =48 =32+ 1 = 17,
f(1) =8.

Orke, HafibLbIM 3HaYeHHAM € f(—2) = 17, a maiimenmm f(—1) = 0.

Bionoeiodv: fuianc = f(—2) =17, fuann = f(—1) = 0.

Samada 2.1. Busnauntu po3mipu muiHapuIHOro 6axa ob’emy V', mpu sgkux
Ha 10r0 BUTOTOBJIEHHS I11Jle HaliMeHIlle MaTepiaJly.

Po3p’a3anns. Hexaii pajiyc ocHoBu 6aka r, a itoro Bucora h. Toxi rnosHa

nosepxud 6axka S = 2wr? + 2mwrh. Le dbynknia asox sminnux r i h. Bupasumo
V
h =

—, ockiibKu 00’eM V' sajannit. Orxe,
wr

S = S(r) =2nr* + QWTLQ
r
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abo -
S(r) = 2mr® + —.
r
Buaiijgemo Kpuruani Touku I pouy:
2V Vv
S'(r)=0 = 4dmr— =0 = r=1/—.
() r .~ r o

BHaiieMo 3HaK JApyrol moxigHol Ha inTepsasi (0; +00):

S"(r) = 2(27T—|— ¥> > 0.
r

- LV . .. :
OT:Ke, B TOUI 1" = ¢ o dbyukiis S(r) mae minimywm. Tozi Bucora
T

- :2;’/2:274,
V2 2m
/0 ’ -
(=)

Bi0noeidv: BrcoTa Oaka IIOBUHHA OYTU BJIBIUi O1JIBIIIOI0 PaJiiyca OCHOBH, 11100

Ha BUIOTOBJIEHHs Oaka 00’emy V' TilLIo HaiiMeHIe MaTepiaJly.

2.3.4. OmykiicTh i yrayTictb pyHKIl. Touykn mepernny

Oznavenns 2.4. Kpusa (abo ¢ynxuis) y = f(x) masusaemocsa onyk.aomo

doMmuYHOL HA YLOMY THMEPBANL.

Oznavenns 2.5. Kpusa (abo dynruia) y = f(x) nazusaemves e2nymoro
(y6ienymoto) na iHmepsani, AKWO 6CL i MoK, KPiM MOUKU JOMUKY, AEHCAM

suwe i JomuuHOi Ha UbOMY THMEPBANL.

OzunavenHs 2.6. Toukoio nepeauny HA3UBGEMDCA MOYKA KPUBOL, AKG

6100iaA€ ONYKAY “aCMUNHY 610 62HYMOL.

B Touri nepernny JoTU4Ha IEePETUHAE KPUBY.
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[HTepBa M OMYKJIOCTI 1 BIHYTOCTI 3HAXOIATE 38 JOTIOMOI'0I0 TaKOI TEOPEMU.

Teopema 2.10. Hexadii ¢ynxuia y = f(x) e deivi dugepenyiiiosarnoro 1a

inmepeani (a;b). Todi:

o axwo f"(x) <0, x € (a;b), mo kpusa onyxaa na (a;b);

o sxwo f"(x) >0, z € (a;b), mo xpusa eznyma Ha (a;b).
Osnavenns 2.7. Toukxu, 6 axuxr dpyea noxiona f"(x) = 0 abo we icuye,

na3usaomy Kpumusnumy mowkamu I pody dynruii f(x).

Teopema 2.11 (mocTaTHsi yMoBa iCHyBaHHS TOYKU Iieperuny ). Hexal
xro — wpumuuna mowka I pody. HAxwo npu nepexodi wepes wei f'(x) sminioe

anak, mo mouka My(xo; f(xg)) € moukoro nepeeuny Kpueoi.

Otxke, 100 3HAWTH TOYKHU IEPEruHy, HEOOXIJIHO 3HAWTH KpUTH4HI Toukn II
poay i3 pisusiane f(x) = 0, f”(x) = oo 1 mocaianTu 3MiHY 3HaKA IPYTOT MOXITHOT

IIpU TIepexXo/Il Yyepes Il TOYKHU.

ITpuxaad 2.12. 3naiiTu iHTEpBaJIN OIYKJIOCTi, BTHYTOCTI Ta TOYKHU IEPEruHY

kpupoi f(x) =2° —x + 2.

Poss’sazanmsa. Ob1acTh BU3HaYeHHA DYHKIN: —00 < & < 400. OCKiIbKI
f"(x) = 2023, To KpuTnuHa TouKa Apyroro poay oana: x = 0. Posbusaemo
00J1aCTh BU3HAYCHHS Ha JiBa iHTepBan (—oo;0) U (0;+00) 1 mocaimkyemo 3HaK
JAPYTol HOXIHOT IPU IIePexo/l 4epes 0 TOUKY.

B iarepBasi (—oo;0) apyra noxigna f”(z) < 0, ToMmy Kpusa OIyKJIa.

B iarepsasi (0; +00) apyra noxigua f”(z) > 0, Tomy KpuBa BrHyTA.

Orxe, Touka M (0;2) € Toukoro nepernty (yHKILI.

Bidnosids: byukiis onykjia npu z € (—o0;0); Brayra npu x € (0;+00);

M (0;2) — Touka meperumy.

2.3.5. AcumiToTru KpuBoi

Oznavenns 2.8. [Ipama L wasusaemves acumnmomoro Kpueoi, AKWO
sidemann § 610 aminnoi mouku M wpueoi y = f(z) do wiei npamoi npamye do

Hya, Koau movwka M, pyxrarovwuco no kpueitl, 6100aAAEMBCA 8 HECKIHYEHHICTD.



2.3. BacrocyBanHus audepeHIiaIbHOTO YMCJIEHHS A0 JOCJIiIXKeHHs PYHKITii 53

Po3pisHsoTh acCHMITOTH BEepPTHKAJbHI 1 HeBepTHKAJbHI (rOpH30HTAJBHI 1

TTOX T ).
s icHyBaHHSA BEPTUKAJBHOI aCUMIITOTH T = I HEOOXIJIHO 1 JIOCTaTHBO,
o6 rpanunsg lim f(z) = oo, T06TO B TOYKaX PO3PUBY (DYHKIHT 3aBXKIU €
T—T0

BepTUKAJbHA aCHMIITOTA.

PiBHSIHHSI TIOXIJIOT acCUMIITOTH Ma€ BUIJIAL y = kx + b, 1e

- [flx) :
k= lim —=, b= lim [f(x)— kx|
r—+oo r—+00

Acumnrorn npu xr — +00 i ¥ — —00 MOXKYTb OyTHu pizai. fAkimo xoga 6
OJIHa 13 UX T'PAHUIL He icHye abo JIOPIBHIOE HECKIHYEHHOCTI, TO KPUBa ITOXHIJIO!
ACUMIITOTU HE MAE.

Axmo k =0, To y = b — piBHsIHHS I'OPU30HTAJIBHOI ACUMIITOTH.
2z% + bz — 1

x
Poses’szannsa. 1. lllykaemo Beprukasbhi acumnroru. @yukiis f(x) He

ITpuxnaad 2.13. 3uaiiTn acuMIITOTH KPUBOI Y =

BU3HaUYeHHa B To4Il £ = 0 1

i 212 4+ 5r — 1 i 212 4+ 5r — 1
lim = 400, lim =
r—0—e €X r—0+¢ €X

—OQ.

Otxke, x = 0 — BepTUKAJIbLHA aCUMIITOTa KPUBOI.

2. [llykaemo iHII acUMITOTH:

202 + 5 —1
h=lim =TT o
Tr—00 T
222 +5xr — 1 b — 1
b= lim T o — 2z | = lim G
T—00 €T T—00 i

[Ipama y = 2z + 5 € moxuaa acUMITOTa KPUBOI.
Biodnoseidv: v = 0 — BepTUKaJbHA ACUMITOTa KPUBOI; §y = 22 + 5 — moxuia

ACHUMIITOTa, KPUBOI.
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ITpuxnad 2.14. 3uaiitn acumnrot Kpusoi f(x) = ze”.

Po3ss’sa3anms. BepTukaabHIX acCUMIITOT I KPUBa He Ma€, TOMY IO BOHA He

Mag TOYOK PO3PUBY.

ILHH HEBEPTUKAJIbHUX aCUMIITOT

X
. xe .
k= lim — = lim €' =400,
r—4+o0 r—+00

TOMY aCUMIITOTH IIpU & — 400 HEMAE.

IIpu x — —o0

k= lim 25 = lim ¢ =0,
T—>—00 I T——00
1
b= lim (ze® —0-2) = lim — = {f} = lim — =0,
T——00 r——00 e~ 7T o0 r——00 e~ 7T

TOOTO KpUBa Ma€ FOpU30HTAJILHY acuMnToTy ¢y = (.

Bidnosidv: y = 0 — ropusoHTa/bHA aCUMIITOTa KPUBOI.

2.3.6. Cxema gociaimxeHHd QYHKIII Ta moOygoBa

rpadika

SHafiTn obsacTh BU3HAYCHHST (DYHKIIIT.

BugaBuTn, un € QyHKIlid MapHOIO a00 HEMAPHOIO, UM MEPioINIHOIO.
SHafiT TOUKN rmepeTnHy rpadika 3 0CIMU KOOPAUHAT, AKIIO BOHU €.
HocainnTn moBeiiHKy (PYyHKIIIT B TOYKaX pO3PUBY, SIKIIO BOHU €.

SHaiiTu iHTepBa/n MOHOTOHHOCTI 1 BUBHAYUTH MOBEIIHKY (PYHKIIT B HUX.

SHaflT TOYKU eKCTpeMyMy 1 3HaUeHHsT (DYHKINT B HUX.

7. 3HANTH TOYKHU [EePEeruHy Ta IHTepBaJu OMYKJIOCTI (BPHYTOCTI).

BHaiiTn piBHAHHS acHMITOT rpadika GyHKIIl (KO BOHN €).

3a pesysibTaTaMy JIOCTKenHs (PyHKIN modyyBaTn i1 rpadik.
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IIpuxaad 2.15. docnigutu dynkiio y = ] 5 Ta o0y ryBarTu 1i rpadik.
—x

Poss’azanms.

1. OyuKIlig He BU3HaUYeHa B TOUKax r1 = —1, x9 = 1. O0JacThb 11 BUBHAUYEHHA

CKJIQJIAETHCA 3 TPhoX iHTepBasiB (—oo; —1) U (—1;1) U (1;+00), a rpadik — 3
TPbOX TLIOK.
2. OyukIig HemapHa, TOMY IO

v—) = T = o v

Orxke, rpadik 11 cuMeTpuIHUil BiIHOCHO IOYATKY KOOPJUHAT 1 JIOCTATHBO
o0y IyBaTH #oro B 4acTuHi, Hanmpukaal, € > 0.

OyHKIig Henepiogudna.

3. Touku neperuny rpadika 3 ocsimu koopauHat: 1npu x = 0, y = 0, TodTO
rpadik neperunae Bici koopaunar B Touri O(0;0).

4. Jdocaiaumo oBeIiHKY (DYHKINT B TOUKaX po3puBy 1 = —1 1 x9 = 1 Ta npu
T — —00 1T — 400:

x —1—-¢ —1—¢€

:c—>l—nll—5 1 — 22 51—I>% 1— (—1 — 6)2 61_I>I(1) —2¢ — g2 o0,

. : —1+¢€ . —1+e
lim = lim =lim — = —o0,
ro—1te l — a2 =01 —(=14¢€)?2 502 — &2
0T?)Ke, T = —1 — To4YKa PO3PUBY JIPYIOT0O POJLY, UYepe3 Hel IIPOXOIUThH BEPTUKAJIbHA
ACUMIITOTA,;
I x o 1—¢ o 1—e¢ _
xj)rlrisl—xQ _61—1%1—(1—8)2 _51—I>%2€—€2 -
: x : 1+e . 1+e¢
lim —— =lim =lim —— = —o0,

r—lt+e 1 — g2 e—01 — (1 + 8)2 e—0 —2e — g2
oTKe, r = 1 — Touka PO3PUBY JIPYTOro pOJIy, 4epe3 Hel NMPOXOJNTh BEPTUKAJIbHA

ACHMIITOTA;
x _ x
=40, lim

r——o00 1 — 2

— —0.

lim
r——o0 1 — g2



56 2. BacTocyBanHsi qudepeHIiaJIbHOTO YMCICHHS

5. 3HailjIeMo iHTepBaJii MOHOTOHHOCTI (PYHKIIIT.

Kpurmani Toukn 1 posy:

, ( x )l 1 — 2?4 222 2?4+ 1
y: =

122 1222 (-2
22 +1
m:()?SUl:l,ZCQ:]_.

Toji iHTepBa M MOHOTOHHOCTI 1 TIOBeIiHKa (PYHKIIT Ha IUX 1HTEepBaJiax:
e 1 € (—o0;—1) nepa noxigaa y' > 0 — dyHKIis 3pocrag;

e r € (—1;0) nepma noxigna y' > 0 — dyHKIIA 3pocTag;

e r € (0;1) nepua noxijgua y' > 0 — dyHKIIist 3pOCTaE;

e r € (1;+00) neprma noxigaa y' > 0 — dyHKIIA 3pocTae.

6. locaignmo (byHKINIO HA eKCTPEMYM.
OckinbKK TIepIia MoXijHa He 3MIHIOE 3HaK IPU Iepexojii uepe3 KPUTUIHI
TOYKH, TO PYHKIlIS HE Ma€ TOUOK EKCTPEMYMY.

7. Jlocaiumo (byHKIO HA OMYK/ICTh. 3HARIEMO CIIOYaTKy JPYTY HOXiJIHY:

o (21N 20(1—2?)? - 2(1 —2”)(=2x) (2" + 1)
’ ((1 - )) (=22

2x(x? + 3)

e
Touku neperuny rpadika 3HaliIeMO cepejl TUX, Jie JIpyra IHOXiJHa JOPiBHIOE

HyJ110 a0bo He icuye. e Toukn x = -1, x =0, x = 1, Toxi
e v € (—o0;—1)U(0;1) npyra noxigua y” > 0 — dyHKIlis BrayTa;

e r € (—1;0)U (1;400) apyra noxigna y” < 0 — dyHKIlsA OnyKIa.
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8. 3nalijleMo acuMnTOTH Tpadika GyHKIIII.
Ockisibkn Toukn © = —1 i = 1 € Toukamu po3puBy (yKHIIIT, TO IpsIMi
r =-11x =1 € BepTUKaAJILHUMHI aCUMIITOTaAMMU.

SHaiiieMo moxusai aCUMIITOTH:

x
1 — a2 : 1 : . x
k= lim = lim ——=0; b= lim (y — kx) = lim =0.
T—r+00 x r—=t+oo | — 51:2 T—r+00 r—+oo ] — ,§U2
Orxke, npsiva y = 0 (Bick Ox) € TOPU30HTAJILHOIO ACHMITITOTOIO IIPU T — +00.
9. 3a JaHnMHU JIOCIIZKEHHsT CKJIa1aeMo Tab/uilio 1 6y ryemo rpadik (puc. 2.6).
inTep- _ . A . :
BATH = ( = 1) =1 ( 1’0) 0 (0’1) 1 (1’+OO) Ao
3HAK
- + 0 + -
yF
MOBET.
o x) 2 9 2 2 9 2
fus =i
" 2 Lo
y + 2 = 0 - > =
TOYKA -
mosem. | nepe- o
y(x) limy=0 5 M — M M limy=0
y=0
I VA |
| |
I |
| |
| |
I |
| | X
f i »
| |
| |
| |
| |
| |
x=-1] x=1|
| |

Puc. 2.6




o8 2. BacTocyBanHsi qudepeHIiaJIbHOTO YMCICHHS

3aBJaHHs JIJIsI ayJUTOPHOI pobOTH

1. IMokazaTu, mo ¢yEKIia y = 4 — 3z — 23 cKpisk crajac.

2. 3nafiTn inTepBagyu MOHOTOHHOCTI dbynkiii y = 22° + 322 — 127 + 5.
3. 3HaliT eKCTpeMyMH Ta iHTepBaJI MOHOTOHHOCTI (PYHKIIIi:
a)y=a>—3x+5, 06 y=x—In(x+2), B)y=a2’e

4. 3uaiiTu HaitblyibIe 1 HalfiMeHIe 3HaUeHHsT (DYHKINI Ha iHTepBaJI:
a)y =22 +322 - 120+ 1, x€[-4;0]

4
6)y:x+?, x € [1;3];

T
B)y =sin2r —x, x€ [—5;—].
5. 3HallTH TOYKHU Iepernny, iHTepBan OmyK/IoCTi rpadika OyHKIIIT:
a)y=a>—322+6x, 6)y=In(z>+4), B)y=(v+ 1)L

6. 3HaliTu acUMITOTH JIIHIA:

1 r+1 1
=——— 0)y=2+1 = :
2) 22 —br +6’ )y L By 2 —4
7. Hocnigntn dpyHkIito i nodyayBaTu 11 rpadik:
2 x?

JomamniHi 3aBaaHHS

1. BnaliTu iHTEpBAJIM MOHOTOHHOCTI (DYHKIIii:
)y =In(2+3), 6)y=—2

v= ’ YT e
Bidnosidi:

a) dyukiig crnagae B inrepsasi (—oo;0) i 3poctae B inrepsasi (0; +00);

0) dyukiis 3pocrae B inTepsasi (—1;1) i cnagae B inTepBani (—oo; —1) Ta

(1; 4+00).
(2 -2)8 ~2)

$2

2. 3HailT JTIOKaIbHI eKCTpeMyME (PYHKIIII:
: . 12 1
B10nosidv: Yy = Y <€> = o1
3. Bnaiitn Haiibiibiie i nafiMenmte snadenns GyHKIT y = 3z — 3, AKIIO
r € [—2;3].
Biodnosids: (—18;2).



2.3. BacrocyBanHus audepeHIiaIbHOTO YMCJIEHHS A0 JOCJIiIXKeHHs PYHKITii 59

3

x—2
Bidnoeidv: r =2, y=xz+1lupuxr —- +o0oiy=—x—10puxr — —o0.
3
x’ +4
5. Hocaigutn GpyHKI0O 3y = J; i ooy ryBaTn rpadik.
x

4. 3HaliTH aCUMITOTH KPUBOI Y =

Bionoeids: Ymin = y(2) = 3; v =01y = x — acumnroru (puc. 2.7),

v

Puc. 2.7

3aB/JaHHS JIJIsI caMOIlepeBIpKN

1. VYV gomy mosisirae 1npaBmrIo 3HAXOIXKEHHsI iHTePBAJIiB MOHOTOHHOCTI?
2. Illo HasmBaeTbCs JIOKAJIbHIM MiHiMyMoM byHKIT? YoMy JoKaIbHIM?

3. lIlo mazmBaeThCA JOKATLHUM €KCTPEMYMOM 1 YUM BIH BIIPI3HAETHCS BijT

abCOTIOTHOTO €KCTPEMYMY !
4. Ilo HA3MBAETHCS EKCTPEMYyMOM !
5. ChopmymoBaTn HEOOXITHI YMOBU €KCTPEMYMY.
6. CcdhopmymmioBaTi JOCTATHI YMOBH €KCTPEMYMY.

7. TlpaBuia 3naxozKenns ekcTpemymy. HaBectn npukiam.
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2. 3acTrocyBaHHS U@ EPEHIIAITHBHOTO YUCTEHHS

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

AKi TouKM Ha3MBAIOTHC KpUTUIHUMU [ pojty?

Ak 3HaiiTi HaiiblabIe 1 HajfiMeH e 3HaYeHHsT (DYHKINT Ha BiAPI3Ky?
fka KpuBa HA3UBAETHCS OIMYKJIOW (BIHYTOM) Ha iHTepBaJIi?

[Ilo Ha3UBAETHCSA TOUKOIO TTepernmy?’

AKi Touku HazuBarOTbCs Kputudnumu [T pojy?

CcbopmymoBaTit JOCTATHIO YMOBY OIyKJocTi (BrayTOCTi) KprBoi. HaBectn

IIPUKJIAJN.

fAxa gocraTHs yMOBa TOTO, IO KpUTUIHA To4uKa II poay € abcrmcoro Toukn

neperuny? HaBecTu npuxiia.

CdopmyroBaT IIPaBIIO 3HAXOIZKEHHST IHTEPBAJIB OIIYKJIOCTI, BPTHYTOCTI Ta

TOYOK I€pPEeruHy.

[Ilo HasMBaeTHCST ACUMIITOTOIO KPUBOI!
4K 3HANTH BepTUKAJIbHY aCUMIITOTY !
7K 3HANTH HEBepTUKAIBHI ACUMITOTH !

Banucary 3araJbHy CXeMy JIOCTiPKeHHsT PYHKIIIT.



In Bl AyasibH1 JJOMAaIIHI

3aBJIAHHS

Y HaBeCHUX HU>KYC BapiaHTaX BUKOHaTH HaCTYIIHE:

10.

. BHaitT noxijHy (YHKINT 38 0O3HATEHHSIM.

. SHafiT moxijny QpyHKII, 32aCTOCOBYIOUH TTPaBUIa JUQEPEHITIIOBAHHS CYMH,

JIOOYTKY, JacTKU (PYHKILII.

SHaNTH MOXIJHY CKJIaJIeHOl (DYHKIIII.

v

Suafitn moxigHy GyHKIT y = wu' i3 3acTOCyBaHHSM JOrapudMidHOrO

JnpepeHIiIOBAHHSI.

. SHaiiTn noxijHy (yHKIIT, 3a/1aH0l TapaMeTPUIHO.

BHailTu piBHSAHHS JOTHYHOI 1 HOpMasi Jo Kpuol y = f(x) B Toumi

Mo(o; yo)-

Suaiitu rpanumi GYHKINN i3 3acTocyBaHHAM IpaBuia JlomTalis.
HocninnTn QpyHKIIO Ha €eKCTPEMyM Ta 3HafTH iHTepBaJM 11 MOHOTOHHOCTI.
SuafiTn Halb1IbINe 1 HaliMeHIe 3Ha9eHHsa PYHKIIT Ha BiJIPI3KY.

HocniauTn ¢ynkIiio Ta nodyysatn 11 rpadik.
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Bapianrt 1
1. y=Ihx
8
3 1 5 1+x
2. =x ——=x"+2x—-4 =
¥ z _ y:Sarctgx-lnx; ¥ arccosx
. 2 _aresinx ’l—xz
: y=5+3e* arctgdx . 1—x2
4 y= (COS 7 )lncos 2x
el
3%
5. 3
y=sin §+t .
6 y=xlnx. xy=1. y9=0
‘TE_
- - 3% 1 limn(cosx)g x
xaoarcsin2x; x_>§
S y=2x>—9x2 +12
o | y=2+3x"-12x+1 [40]
X 4
10. Y= 2 2
Bapiant 2
1 y=sin2x
5 7x2+4
' y=tgx—ctgx. y=smS-cosx. y= Xkl
, oy i 4x ) 2x L [ <
3. y:105x arcsin/x +1. e } ) arcsm(e )
i}
4. Sln\/—) ].Slll\/_
x=cos2t,
A,
cos>t
6. y=% .xo——2 Yo=—8
3.5 e
7. lim S o lim x1-x
x>0 4x—x* - xol
8. |y=2c3+3x?-36x+5
9 y=x—dfx+1. [1;9]
10. }’—1 5
e
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InauBigyasibHI JOMaNIHI 3aBJIaHHS

Bapiant 3
2
L. |
x.
_arcsiny
2. y=xYx+3sinl.  p=tgx-e® y_arccosx_
3. y_g/x_3+5arctg§-lgx y—(2x2+5)\/x2+1+31n[x+\}x2+1}
; 5e*
4. y = (sinx)
= 1—12;
3. 1
y=
6. y:2x—x2. X0=0. y9=0
X
7. lim 5_ : lim ,;c/x_z
x—0 SInx . X _
g y:;x3—2x2+3x+1
0. |y=3xt+4x’-12¢2 41 [-1;2]
1
10. y=x+—-
x.
Bapianr 4
1 y=cos2x
T A =L =2
2. y=0x g y=+|xarctgx. y_lnx_
CDSE
3. y:10+cos4§-4 2 y:x4arcsin§+(x2+18) x2 -9
4 y= (arcsinx)ex
5 xX= 1—r2;
y=tg1+t.
6. y:2x—x2. X=2. y0=0
X _ AX tg x
7. lim 3 2 lim [lj
x-05% 4%, xo0\x
8. | y=(x-3)x
et 4
g, = ;
x2 2 [1’3]
2
%, (x+1)
x
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BapianTt 5
1 | y=5x-2
) __sinx
2. y=3Yx-33. y=x>arcsinx . J/71+cosx,
2
g y:tggg.etg&x y:x3aICSile+ 11—
4 y:(lnSx)\/;
xX= 2T-t2,
5 p)
y:(.f—l)g
1
6. y= 3 xo_l;yO:O
s e
' 30 3x—tg’x iino(dgx)hlx
g y:x3+3x275
T
9. y=smn2x—x. 22
10 ¥= 2
' 3—x2
Bapiant 6
1 a=ic -
2 -

y=-10arctgx—7e*. y=2%arctgx. y_sinx .

3. y:3+tg2x-1n(sinx)

2

y= 1+ x> -arctgxln[x\llerz)

2
4. y:xtg x_
x=¢ cost;
5
y=e sint.
6 735_1
¥ x;xo_il yOZO
tgx L

lim lim (sin2x)2 *
7. T sindx n( %2
X—>

X—>
8. y=3x+3

2
9. |y=v2l+dx—x* [-17]

32
Sx )

10. ¥




65

InauBigyasibHI JOMaNIHI 3aBJIaHHS

Bapianr 7
I y=xt 424l
2 tgx
y:___'i'ﬁx = —_—
e 32 x . y=x>cosx. ¥ O
- 35 Lle3v ~ . N E——
3. y=sm : y—2mc51113x+4+ 9x +24x+12-
4. y= tg7x S
x=sin’z;
5.
cost
6. y= %3 . Xg = 2, Yo= 8
. i
o lim ¥-2 . SIX |2
x—)()ln(1+2x)_ il_l';lo[ x .
8. | y=2x>-6x*-18x+7
9 B x> +3
. x2+2x+5; [_1;3].
2x2
10. P= 3
1+x7
Bapianrt 8
1 y=In2x
3 9 logg x
2. J’:J;_—+—2 y:(2x2—x—l)arccosx y:—g—
roxT : X
/ 6. -3 N
3 J’:4—arccos3x-10ﬁnx. y:3x—ln[1+ 1—ex]—e e
4. y= xarcsin J;
.
x=arcsil|i- |;
X ()
y:arccost3.
6. y:x3.x0:l_y0:1_
th
7 im In(1+3x) lim{tgﬂx} 2
x>0 sindx . xol 4 .
8. y:(xfl)\Isz
- 1+x2,[0’2]
x+1
10. y:( )
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Bapiant 9

1 y=sin3x

ctgx
X4l

9]

Ll _
y=arccosx—3nx. 7 3% S0¥ V7

y:tg6x-e

3

10x_2 y=(2x2+1)\}x2+1—1n[x+\-‘x2+1}

’ 4In x
4. y:(tg x)

len[H \.‘12 +1];
y=\312+1.

5. y=tg2x. xp=0. y5=0

4
7. lim 1= CZSBX lim (ij
-0 x xR
3 4 3. 3 3
e -2 T i
g y 4x 2x 2.:c +6x-1
) =arct 1—_x
L
10. y*;
Bapiant 10
5
1 T
x.
o = ; :1+cosx
2 y=5- +thgx_ y:(sinx—cosx‘. 14 x8
O 4 2
3 I ! o

4 -
y=5+lgyx-e™* 7 2xrl  2x+l

e.x
4. Y= (0052 Sx)

x=1+sint;
S.
y=2—cost.

6. y=lnx xo=1 yo=0

2

g ]
; X —arcsmxy :

7. lim ——— lim [tgmj
x—0 X - x>l 2

8. y:2x373x2_

9. |y=xY(x-1)* [-22]

y=

10. (1—x2)2
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InauBigyasibHI JOMaNIHI 3aBJIaHHS

Bapianrt 11
1 y=x-2
_ 2 s 4-x>
2. = 32 K _ y:4(sinx—x2)cosx_ y= yp—
3. y:10—(a1‘csinx)2ﬂfex—1, y= (4+x)(1+x)+3ln(\/4+x+di+x)
4. y:(sinx)x
5 x:\}22‘—t2;
' y=aresin(z-1).
o
6. ¥ x’x0:2’y0:1
7 lim exz +2x3—cos2x hlnﬂ(“—zx)cosx
- x50 x?_sin’x : e
8 |y=2r—6x*—18x+7
0. |y=x(8-x) [0:7]
O
TS
BapianT 12
1. y=cos3x
2¥ =]
2. yz%]x_3+5arcsinx_ y—4(smxfx )cosx_ 2 4 olgx
3 1 \]xz—x+1
' y:ln4x-arcsins/;_ y=mn ¥
4 y= (Smx)sinx
5 x:'\ﬁ;
' y=+1-t.
6. y:2x2;x0:1;y0:2_
252 1 l
7. | lim £ lim (x+2x)x
=08~ 2x . x>
3
X
8. =4x——
Y 3
9 . 4—x?
x3
10. =
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Bapianr 13

1 | y=5x¢

" 3111 _ ) y= arccos x
8 y= smerZ X y:4(smx—x )cosx 1+J_

2

y:1+sin5x-tg10x.

F=5k— ln[1+ 1-¢! } Y arcsin Sx)

4 y:(x_s)sinzx

x:ctg(ef);
5.
-]
6. y=x?—x-2. x)=2, yo=0
ox—sin2 -
7 fp =X SMEX (cos2x)y?
x—=0 5x_tg5x : x—0
9 y:x—Sinx. [03275]
" 3= 2x
' -8,
BapiauT 14
— 9y _ ! -3t y:i
2. L s e y:2xcosx+xzsinx. tgx
3 —1nx4_x2+]f ! arct; V3
. y:SCosxctggJC. = | 2@ g2x2—1_
3 tgx
4. |y=(x +4)
2
Xi=—,
5. t
y=sin2t
5 y:xz—fo.xo—*l yO_O
ln(sin2x2) 1
lim ———> . (tgx )&
7 x—0 ]n(sinxg) lim (E]Y
. x>0\ X

8. y:x3—12x_

o} y=2x—cos4dx. [*‘E;’E]_

10. y:l+4x2
X
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InauBigyasibHI JOMaNIHI 3aBJIaHHS

Bapiant 15
i y=In3x
7 - ox
2. =—=—¢ _
Y J; . y=3+tgx-Inx. Y arcsinx
2
. x"-16 5
- i = an ~1)arct 1
3. y:20+arcsm\/;_esmmx. i mcsmx2+16+(x )arctg Vx~ +
4 y:xsinxz
x=sint,
5. 1
Y Cost
6. y:xz—x—2_ xp=1. y0:72_
2 = COSEI
7 i ln(l+x ) hll;(Zx—n)
X X g g
8. yi= x> —3x+5
T
O y=4x—2sin4x. 272
2x
10. y=
=l
Bapianr 16
1. y=sin4x
2 o) _X 5.1
' y =3arcsinx +Sctgx . y:(x +x+1)(x —x+1) P Y
2 s 1
3. zln(sinx)_ecos x+10 —(3-1 +2)U 2x+ x 1 Ell'(_‘,SlI'l;’{:_2
ctg x
4. y:(x4+5)
x:arctg(et);
5.
y:\l'et-lrl.
6. y:x3—3x2—x+5_x0:3_y0:2
10 2
7o him 2 g [sinﬁjl_xz
x—lx dx+3. x-l 2
g y=x— 1n(x+2)
o | yo¥i2xrd
- x2+2x+4; [_3;2].
10. y=—

x“ -1
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Bapianr 17

3} 2
5 _x2 _x\/;_\/; : y= A

y—iarctgx_lJr i
y=2-arctge® -cos*x. V2 V2 x2oox43

4. Jp= (sinle)Sx .

x=ctgt,
5. 1

0052 t

6. |y=x’-3x*—x+5 x=0 y=5

1
3 sinSx : 23\ o
'+ lim lim (1+5°F |x
0 E =1 x—m( ) .

8. y:3x2—x3—1

) y=5-4x. [-L1]

0 |y=32
' x4
Bapiant 18
1 y=3x-8
4
5 y:Lfﬁ 32
5/ 3 3 _ 31 Y =T
¥ - Yy=x"logaXx. 3x+d %
_ S5x 10x o —5x
3 y=3+ar0003\/;-tg3x_ yln[e +ve 1]+mcsm(e )

o) COSzx
4. y:(x +1)

x=1g¢,

5. 1
y:

sinzt

6. |y=x’-3x*-x+5 x=1 y=2

2
i =2
7. lim Bolg 5 lim{ ai ]x
=0 . x>0\ tgl0x
8. y=xe?*
2
=3[ 2
0, y—,‘(x —Zx) _[0;3]
7x2—4

10.

Y St
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InauBigyasibHI JOMaNIHI 3aBJIaHHS

Bapiant 19
1 y=cos4x
5
5(.3 X
= - %.: - -
2 Y x(x ); y=3x"sinx. 7375
2
2 WO e -
| y=g4lgsesiy TV T
4. y=x3x_
=11,
5. _
Y
6 y_g
' x;xO—l;yO—Q
1
X —-X
7. fogge £ lim [2—sm ]4 ¥
x>0 sin2x x—2
8. y=xe ¥
o (re?)e
2
x°—4
10. =
x2+4
BapianaT 20
1 |y=2e"
7 6 2
2y x“4+4x+5
2. N W = P* arceosx =
Y773 ¥ e’
o I3 Inx
3. y=tgdx-sin2x +7  ¥TACENF - _\/JZ
A/COS X
4. s x +1
- u
5 l+¢
y= -2
6 y= i
' X xo—l Yo=4
x lim (sin Jc)tg2 ¥
. -1
7' h_I)rBe_ B x—)E
X ST x = 2
g PR —4ln(l+x)
g T AN |
2, _x2+2x+4; [_].’2].
2
10. y:x —2x

x—1
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Bapianr 21
1 | y=x?+5x+2
33(
2. y:l-?;x—sinx—cosE 2 Y=—>
b D YN IATCROS, X~ +3x+1
; : iz 2x—1 +Larctg2x_1
| y=3-ctgdx 21 42 —4x+3 2 2
2
4. y=(sinx)’
X= 1712;
S; t
y: X
14"
.
6. y_x x074,y071
1
- " ctg 5 lim (cosx)tgx
: im
xo2ln(x-2).  *25
g y:x2ex
0. y=xvx+3. [*2-8;1]_
2
R T
¥—1 .
Bapiaut 22
1 y=Indx
arctgx
3 2 == "3— =
2. y:\}x2(2—x); Y (JL 2)tgx; . cosX
P Ax 8x
3 y:ln3+arcsin\/;-ecosx. y=arcsine +ln(e +4e 1)
arctg x
4 y=(2x2—1)
. x=1+2cost;
' y=sint.
% =5
' x;xozz;y0:2_
. logrx &
lim = li Ax )2
7 x—w 2F ; xi’ilo(COS XJx :
g y:xQ.e—x.
o |r=x+2 [o53]
x; T i
1
10. y:x,ex—l
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InauBigyasibHI JOMaNIHI 3aBJIaHHS

Bapiant 23
1 y=sm5x
e 6l
2 y:§x23x2+arctgx y=(xsinx+cosx)lnx | y=>%5
X
;)
_ 2
3. y=T7-1gl0x-Jcosx  y=xParccosx— > 3+2\}1—x2
4. yz(sin\/a_c)e
5 x:\/Z3+1;
. y=Int
1+x
6 |y=—F . _4 y.—3
1-Vx. ¥ =4. y9=-3
3
7. lim : = lim (Inctgx)'®™
A5y +x7 —Tx+ 3 x—0
2
8 o
4 x—1
9. y=xe?¥ 1 [—1;1]_
10 yz(x+1)2+i
' 1
Bapiant 24
6
I Y==
X
43 (ET
2. y:%—%+5x2+2 yzai,/;arccosx—xglnx y= 23
)
3. y:arctg{"/;-fixz y—ln(eSer\/esx—l}rarcsin(e‘h)
4. y:(tg4x)dg4x
5 x:arcsinxl'l—t?‘;
. y= (arccu::nst)2 :
3
x7+2
- y_x3—2-x072-y0_
. 1
iy X Sinx e
% x_n)B x3 : }}El)]@’f
8. y:1r1x—2x—1
9. y=arctgx? [0:1]
- X
m | s
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Bapianr 25

1 y=T7x+5

3
_xigx
y:2ex+ctgx—2x+3; y:arcsinx-arccosx; ¥ 108

i L [2
3 y:5+cos(lnx)elg10x, y—m051n2x+3+2 x“+3x+2

3

4. y= colex te*x
3.

1+3x7
6. = =

ZACE . ! xozl; y0:l

1

7 lim sin Sx [ ]@
' x>0 3x - xﬂlo 2+49+x _
8. y:lenx

0 yzln(x2+2x+2)_ [_2;0]

2

2x
10. Yy==7
x©+1
Bapianr 26
1 y =cos4dx
5 X 2 _ o x
y25+;_ y=xInx+sinx(1+cosx). y_3tgx_1
2 {_ 2
3. y:4ctg2x5x y= 1 —Ax +hu
X X
4 y= (tgx)lnx
—1+coszt
5. 1
4 sin’t
6 Y= = =
| 211, %="2.79""5
7 lim X~ lim (lnctgx)tgx
' x>0 X -8y . x—0
2
g y:x +3
x+1

2
X

> y:x2+4; [_1;3]_

2
—2x+2
10. yzi

x—1
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Bapiaut 27
-yl : —10arctg x
= -t =e" +xt, p="""C%
L y=e'sinx+xtgx ==
3. y:12+esinx_ctg4x. y=xarcsin§+~/4_x2-
4. y= (arctgx)amtg 2
5 xzcoszt;
| y=tg’t
6 y—L _1
2 Intgx
7. lim e Ll lim [Z_x_ ctng
x5 x>-125 I
3. y_ln(x2+x+1)—ln%
o |y=x’(8-x) [0.7]
10. | y=In(x*-4)+ .
xfdh
Bapiant 28
L. y:2x3+3_
5
- L(x? 2 3 Ax_Inw
2. y—3arctgx+a(x +18)_ y:3(l—x )(1—2x ) Y arccoss
1 x—1
b | R
x+1
A'z
4. y=(x+1)f
x=+t-3;
5.
y=In(t-2)
6. y=8x—-x~.x3=0. y9=0
. 1+3 oo
T G e — Bor el
8. | y=4+2x-3x>
3—x2
9. = .
Y x+3 ;[—2,1]_
2
10 y:(erZ]
x-1)
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Bapianr 29
1 Jf’_L
x2
}73x+2
2. y:3tgx+x3\/;. y=>Sarctgx-lgx. 7 qgx
. 1+cosx ¢ 3x+2
3 y=9—arctg5* -cos5x. ¥ M _cosx B &
4 y:(COSZx)lnzx
X = arccosf,
3.
y:\lr2+1.
6. y:8x—x2.x0:8.y0:0
lim g . - tg%
7 «Etgdx  lim [tg—]
2
8 y=e " _
_lnx [1 ez}
9 \/;; 4’
x%+3x+2
10. ye=———
X
Bapiant 30
1 y=1tg2x
2 2
. +2 2 +1
2. y:x3m051nx+x \/; =

y=3+2Inx+arcsinx .

2

3

¥ Inx x-1

| B i 2
3 y:5—51n3x-cos2x yZESIHZ\E—gml‘lS\E

X =sinf,
2 y=1In(cost)
6 y:4—x2_x0:0_y0—4
. Inx =
7. | lim——— {im (2x2—1)tg 2
x—0ln(sinx)
g _x3+4
. %)
v 3
9 =1 .
x4 3 [1’8]
3 2
10, |p=22%




Ilpukiaaanm TecTiB

TeopernyHi muTaHHs.

1. TToxijaa obeprenol dpyHKINT ¢y = arcsin & JIOPiBHIOE ...

1 1 1 1

—_— , B) ————, I) ———.
V1 — 22 1—=x )\/1—1—132 >\/1—x2

2. lloxigna pywxil y = arctg ax JTOPIBHIOE ...

a) —

1 6) a ) ax ) a
— ——— B)—————, I)——.
1+ 22 1+ a?x?’ 1+ (ax)?’ 1 — a?x?

a)

3. Hoxiana mobyTKy aBox dynkiii v = u(z) i v = v(x) 3HAXOAATD FK ...

/
a) u'v —v'u, 6)%, B) u'v+v'u, r)u —.

4. Moxigny wacTku aBox GyHkiii v = u(z) i v = v(x) 3HAXOAATD FK ...

2) u’v—l—v’u’ 6) u’v—v’u) ) v —v'u

v v v?

5. Heobxinna ymoBa ekcTpeMyMmy QYHKIIT ...

6. Joctarna ymoa MakcuMyMy (DYHKITT B TOUII ...

a) f"(z0) =0, 6)f"(z0) <0, B)f(x0)=0, 1) f'(x9)<O.
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7. ¥YMOBa OmyKJIoCcTi rpadika QyHKIIT ...

a) f'(x) <0, ©6) f(x) <0, B) f(x)=0, r)fi(z)>0.

ITpasuavui 6idnosidi: 1 — 1,2 -6,3-8B,4—-8B,5-8,6—-0,7 —0.

IMpakTuvuna gactuna (po3B’si3aHHS 3a7a4).

1. 3Bmaiitm mOXigHYy B TOYII Xy, 3aCTOCOBYIOUNM OCHOBHI IIpaBU/Ia
JnbepeHIiIOBAHHSI:

1
a) y = 10arctgx, x9= 1. BapianTu Bimnosieii: 5; 10; 5; 1.

6) y =23 +sinx, z9= 0. Bapianru signosizeit: 0,5; -1; g; 1.

2. BuaijiTn noxigHy B ToUNi ¢ cKaajgerHol GyHkmil y = (1 + sin :z:)Q, xo = 0.
BapianTu Bianosiueit: m; 2; 1; 0,5.

3. BnaiiT KyToBuil KoedilieHT JOTUYHOI 10 KpHUBOI ¢y = 222 B Toumi 2o = 1.
BapianTn Bignosizgeit: 0,5; -2; 4; 0.

4. BuHaittn KyToBHil KoedimieHT HOpMaJi 10 Kpusoi y = 33 B Touri x¢ = 1.
BapianTu Bijnosineit: —0,5; 1; 9; 0,25.

5. 3HaiiTH ofHy KpUTW4Hy Touky | poxmy g ¢yuxnii y = 2 — 3z + 5.
BapianTtn Bignosigeit: 2; -1; 0; 1.

6. 3najitn Kputiuni toukn 1I poxy maa dymkmil y = 2° — 127z, Bapiantn

' eit: -1; —; 0; 6.
BLJIIIOBLJICH: -1; T
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